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NMPEANC/ITOBUNE

Ota MalleHbKas KHIKKA MPEICTABIIICT COOOH TPOAOIKECHUE
mocoous «ApudMeTHKa Ha YaIlledHbIX Becax» [ 1], mocBsimeHHo-
ro WUIOCTpanuu (WM, €CIH YTOJHO, JKCIEPUMECHTATLHOMY
TTOATBEPKICHUIO) OCHOBHBIX apU(METHICCKUX 3aKOHOB. Mc-
MOJIb30BaHUE OJIOKOB W Pa3HOIUICYHMX YAIICYHBIX BECOB IMO3BO-
JIMJIO CHIENATh U3JI0KECHUE HATIISTHBIM M KOMITAKTHBIM.

Hacrosmiee mocobmue coOCTOMT HCKITIOYUTENIHHO U3 apume-
THYECKUX  33/4a4, CQOPMYJIUPOBAHHBIX B  BHUAE  DJc-
MCHTApHBIX (1)I/I3I/II1ICCKI/IX OIBITOB C YalleuHLIMU BecaMu. YacTh
3aJ1a4 ObLIa paHee omyOJIMKoBaHa (C pelieHusMu) B [2].

dakTU4eCcKH, ITOM KHIKKON MOXHO MOJIb30BATHCSI HE3aBH-
cumo ot [1]. [Ipu aTOM OT umTaTens Tpedyercs 3HaTh (WIH UH-
TYUTHUBHO IIOHUMATh) /IBa 3JIEMEHTapHBIX QU3NUECKUX (aKTa:

1. «3axkon pwruaza». DTOT 3aKOH, OTKPBITBIN ApXHMEIOM,
racut: Ilycms umeemcsa pwluae, niedu KOMOpo20 UMEom co-
omeemcmeeHno Onunsl L1 u L. J{nsa pasnosecus amozo pviuaza
HE0OX00UMO U 00CmamoyHo, umobwl cuivt Fy u I, npunosicen-
Hble K COOMBEmMCMEYIOWUM Nieuam, ObLIU HANPAasieHbl 8 0OHY
cmopony u yoosremeopsiiu ycnosuio: FiLy = FrL,.

2. «3akoH neicTBUS 0JI0Ka». Henoodsuoicuwlii epys, nepe-
KuHymulil uepe3z 010K, msAHem Nledo pvluded 68epX ¢ CUlol,
PABHOIL NO GENUYUHE CBOEMY BECY.

Bcrony mmxe Mbl OyaeM Aiisi IPOCTOTHI CUWTATh phrdar U

Yalld BECOB HEBECOMBIMH; KpPOME TOro, Oy/JeM CUYHUTaTh HeBe-
COMOI HHTB, IEPEKUHYTYIO Yepe3 OJIOK.

Uro kacaeTcs CUCTEM EIMHUIL JUTUHBI U Beca, UCIOIb3ye-
MBIX HMXKE B 3aJla4ax, TO OHU MOT'YT OBITH B3SITHI J'IIO6BIMI/I, " Ux
0003HaYEHUS BCIOAY OIMyCKalOTCsA. TakuMm oOpa3oM, MBI OyleM
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OICPUPOBATH HUIKE C YUCIIOBBIMU 3HAYCHUAMU COOTBCTCTBYIO-
mmx (U3NYECKUX BEMMYUH (IUIMHBI W Beca). Ecnu yromHo,
MOXKHO CYHTaTh, YTO BEC BCEX TPY30B U3MEPSETCSA B KHIOTPaM-
Max, a JJIMHBI IJIeY pblyaroB — B aeuumerpax. KHmxkka ajapeco-
BaHa IIKOJIbHBIM YYUTEISIM, CTYJICHTAM TICIBY30B M POJUTEIISIM
IIKOJILHUKOB. B TpeTheM W3IaHUM CYIIECTBEHHO DPACHIMpPEH
maparpad 6 «0 CpeIHEM TEOMETPHYECKOM Ha YalleYHBIX Be-
cax», mobasneHbl maparpadbl 7—12, B KOTOPBIX 00CYKIAOTCSA
JIOCTOMHCTBA «IBOUYHBIX)» UYAIICYHBIX BECOB, 2 UMEHHO, BECOB,
Y KOTOPBIX JJIMHBI IIJICY OTHOCATCA KakK 1:2, a TaKXXE BBOJUTCA
MOHSATHE p-WYHBIX YAlllEYHBIX CYIEpP-BECOB, MPOIEAYypa B3BeE-
[IMBaHHUSI HA KOTOPHIX OPraHUYHO CBS33aHA C MPEJCTABICHUEM
HaTypaJbHBIX YUCCJI B HE-ACCATUYHBIX CUCTEMAX CUHUCIICHUSA.

B 4-e m3nanue BriroueHsl J{o6aBieHus 5 u 6, MOCBAIIEHHBIE
TpeM QU3NIECCKUM MOJIENISIM, PEATU3YIONTIM OIIePAITHIO TCTICHIIS
C ocTaTKoM, a Taxxke Jlo0aBineHre 7, B KOTOPOM ONHCaHa pealiu-
3anusl apU(PMETHUECKUX AITOPUTMOB CJIOKCHUS W BBIYUTAHUS
«CTOJIOMKOM» Ha CyTep-Becax.

Kpome Toro, /lob6aBiieHrne 8 MOCBAIICHO MIEMOHCTPAIlUK Ha
YalleYHbIX BecaX BaKHEUIIMX CBOWCTB OMNEparyl JeleHUs
Hareno. B Jlo6aBineHun 9 paccMOTpeHbl HEKOTOPBIE YPaBHEHUS
B IIEJIBIX YHUCIIAaX, PEIICHHE KOTOPhIX MOXKET ObITh peaIrn30BaHO
B BUJE MaTeMaTHYE€CKHX WTP C UCIOIH30BAaHHEM CYIIEP-BECOB.
Hakonenr B JloGaBienuu 10 paccMOTpeH psiji 3aHUMATEIbHBIX
3a/1a4 Ha B3BEITUBAHUE.

Astop npusnarenen H.B. JlecarckoBoir u E.A. MBaHOBO#
3a MOJIe3HbIC 00CYKIACHHUS.

Asmop
Mockea, 01.01.2024



§1. 3agaum Ha paBHOILIEYHX Becax

33}13‘13 1. ﬂaHbl pasronjiedue 6ecovl U cucmema cupb,
PACNOJIONHCEHHRbIX HA Yaulax Inmux 6ecos (CM. puc. ]) Pac-
cmasums 4ucjloevle 3HA4€HUsA eeca Ha 2cupsix, eciu Us3-

6€eCniHO, Ymo yauiedHvle 6ecobl HAX00sIMCsl 6 pa6HOBECUU.

3angaua 2. /Janvl pasHonneyue gecvl u cucmema upb,
PACHONONCEHHBIX HA Yauax smux eecos (cm. puc. 2). Pac-
Ccmasums maxue Yucioevle 3HAYeHUs. 8eca HA SUPSX, Ymo-
ObL npasas yauia 6eco8 ONYCMUIACH GHU3.

el

Puc. 2



3agaua 3. Paccmasums uucnogvle 3uauenus eeca Ha
2UPAX, eCclU U3BECMHO, YMO YAUleyHble 8eCbl HAXOOAMCS
6 pasHosecuu (cm. puc. 3).

3agaua 4. Paccmasumb uuciosvle 3HayeHus éecd Ha
2UpsX, ecau U38eCmHO, YUMo YauleyHvle 8eCbl HAXOO0AMCS
6 PaBHOBECHH (cM. puc. 4).

3ameuanue. I[J'IH BCCOB, HAXOAIMUXCA B paBHOBCCHH
BEC JIF00O0T0 rpy3a, NEPpCKUHYTOT'O UCpEe3 6J'IOK, HEC MOXKCT
NpEeBLINIATE BECa CBA3AHHOI'O C HUM I'py3d, CTOSALICTIO Ha
qalmi€ BCCOB.

o

i
Puc. 3

Puc. 4



3apaua 5. Onpedenumsv uucienHoe 3HaueHue X 8ecd
2upu, nepeKuHymotl uepe3 010K, pacnonoNCeHHblll HAO Jie-
60U uYauwlell 6ec08, HAXOOAWUXCA 6 pasHogecuu (CM.

puc. 35).

3apaua 6. Onpederums uucienHoe 3HaueHue X 8ecd
2Upu, PAacnoloNHCeHHOU Ha NPABoll dauie 8eco8, HAX0O0S-
wuxcs 6 pagnogecuu (cm. puc. 6).




3apaua 7. Onpedenumsv x u3 yciogus pasHo8ecus pas-
HONJIeYUx 8eco8 Ha puc. 7.

3apaua 8. Onpedenumsv x uz yciogus pasHogecus pas-
HONIe4Ux 6ecos Ha puc. §.
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3anaua 9. Bo3modcHO U npu HEKOMoOpoM X pasHoGe-
cue pasHoneyux 8ecos, U30opadiceHHvlx Ha puc. 97

BO3MOMHO /1K TaKoe?
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§2. 3axauu Ha HepaBHOILIEYHMX Becax

3apaua 10. IIpasoe nieyo uyauieunvix 8eco8 8060e
onunHee neoco; cm. puc. 10. IIpocmasums uucienHvle
3HAYeHUsr 8eca 2py308, Npu KOMOPbIX 00CMUAemcs pas-
Hosecue. [Ipusecmu HeCKOIbKO B03MOICHBIX 8APUAHIOS.

3agaua 11. /Ipasoe nievo uaweunvix 6ecoe ¢ noamopa
pasza onunHee n1e6oo; cm. puc. 11. Ilpocmasumsv yucnen-
Hble 3HAYeHUsl 8eca 2py308, NpU KOMOPbIX 00CMUSAemCsl
pasnogecue. I[lpusecmu HeCKONLKO B03MONCHBIX GAPUAH-

- -
T

moe.

Puc. 11
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3apaua 12. [lpasoe nieuwo uawieynvix 6eco8 6060e
OnunHee negozo; cm. puc. 12. Ilpocmasumov uucnenHvie
3HAYeHUsr 8eca 2py308, NPu KOMOPbIX OOCMUSAemcs pas-
Hosecue. [Ipusecmu HECKONIbKO 803MONCHLIX 8APUAHTNOB.

3anaua 13. Jlesoe nneuo uaweunvix 6ecos 6 noimopa
pasa OnuHHee npasozo, cm. puc. 13. Ilpocmasums uuc-
JIeHHble 3HAYeHUs 8eca 2py308, NPU KOMOPbIX 0ocCmuzaen-
cs pagHogecue. [Ipusecmu HeCKONIbKO 803MOJCHLIX 8APU-
aHmos.

Puc. 12
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3anaua 14. Jlesoe nieuo uawieunvlx 6ecos 8 noimopa
pasa onuHuee npasozo, cm. puc. 14. Hatimu uucnennoe
3HaueHue X geca epy3da, nepekunymozo uepes 610k. (Becwvl
HAxXo00smcsl 8 pagHOBeCUU.)

3anaua 15. Jlesoe nneuo uaweunvix 6ecog 6 noimopa
pasa OnuHuee npasozo, cm. puc. 15. Hatimu uucnennoe
3HaYeHue X eca 2py3a HA NPasoll yauie, npu yCio8uu, 4mo
8ecbl Hax00amcsl 8 PAGHOBECU.

-2




3apaua 16. Jlesoe niewo Haxoosawuxcs 6 pasHogecuu
YaueuHblX 8eCc08 6 NOIMopa paza Kopoue Npasozo; CM.
puc. 16. Haiimu yucnennoe 3nauenue Xx.

1ix

Puc. 16
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§3. Pa3uble 3a1auu

3amaua 17. Haumu yucnennoe 3navenue x, obecnequ-
salowee pagHogecue HauleyHvlx 6ecos Ha puc. 17.

B amoli 3a0aye
OmHoweHue OnuH naeq 1
YaweyHbIX 8eC08 pasHO
10:13

3anaua 18. Bo3mooicno nu npu Hekomopom X pagHoge-

cue 4auleyHvlx 8ecos, u30opaxdcenHvlx Ha puc. 18?

BO3MOMHO /1M TaKkoe?

B amoli 3a0a4e omHoweHue 0nuH naey
YaweyHeix 8ecos pasHo 10:13

16



3apaua 19. Tpebyemcs pacnonoxcums epy3vl HA pas-
HONJIeYUX YAUEUHbIX 8ecax MmaKum oopazom, 4mobwl eecwl
ocmasanucy 6 pagnosecuu, cm. puc. 19.

- - A

Tasiaiell

Puc. 19

3anaua 20. Tpedbyemcsa pacnonosxcums 2py3vi Ha pas-
HONNIeYUX YAUEYHbIX 8ecax makum oopasom, 4moosl eecul
ocmasanucy 6 pasnosecuu, cm. puc. 20.

kk\ 0 — s

oML

Puc. 20
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Yka3zanue. 3aMeTuM, UTO Beca BCEX TUPb, KPOME TUPh
c¢ Becamu 11; 11; 12, gensarcs Ha 5. {151 TOro, 4ToOBI BECHI
MOCJI€ PACCTAaHOBKH BCEX TMPb OCTaBAJIUCh B PAaBHOBECHH,
HE00X0AUMO, YTOOBI OCTATKU OT JEJICHUS Ha 5 CyMM Be-
COB THPb Ha KQXKJOW M3 Yalll ObIA PaBHBL. DTO BO3MOXHO
JMIIb B TOM clydae, eciii 06e rupu ¢ Becamu 11; 11 u ru-
psi ¢ BecoM 12 OymyT pacmonaraThCsi Ha pPa3HBIX Yalliax.
JlanbHeiiee 04eBUIHO.

3anaua 21. Crosa pasnonieuue gecul, u CHO8a mpedy-
emcs pacnonodcums 2py3vl mak, umoowl 8ecvl 0Ccmasa-
JUCh 8 pagHosecuu, cm. puc. 21.

DO UL

Puc. 21
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3anpaua 22*. [Ipasoe nieuo uawieunvix 6eco8 8 NOJMO-
pa pasa onunHee 1e6o2o. Tpebyemcs pacnoioxcums ume-
rowuecs epy3vl max, ymoodwvl 8ecbl OCMABAIUCH 8 PABHOBe-
cuu; cm. puc. 22.

l t

oO000L

Puc. 22

3anaua 23. [Ipasoe nieuo yauieuHvlx 6ecos ¢ mpu pa-
3a onunHee nesoco. Tpebyemcs pacnonodxcums umeroujue-
cA epy3vl mak, umooOwvl 6ecbl OCMABANUCL 8 PABHOBECUU,
cm. puc. 23.

Puc. 23
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3anaua 24. IIpasoe nieuo uauieunvix 6ecos 6 06a pasa
onuHHee nesoco. Tpebyemcs pacnonodxcums umerouuecs
2py3bl mak, 4moovl ecbl OCMABANUCH 8 PABHOBECUU, CM.
puc. 24.

)

0LULULUL

Puc. 24

3agaua 25. /[nunsl niey uauieyHvlx 6ec08 OMHOCAMCA,
kak 3:7. Tpebyemcs pacnonoxicums umeroujuecs: 2py3vl
mMak, 4moobbsl 6ecbl OCMABAIUCH 8 PABHOBECUU, CM. pUc. 25.

I

—
006 G
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3apaua 26. [nunvl niey uauieyHvlx 6eco8 OMHOCAMCS,
kak 3:7. Tpebyemcsa pacnonoxcumov umerouwuecs 2epy3bl
mak, 4moosl 8ecbl OCMABANUCH 8 PABHOBECUU,; CM. puc. 20.

o000 (]

Puc. 26

3apaua 27. /[nunvl niey uauieuHvlx 8ecO08 OMHOCAMCA,
kaxk 2:3. Tpebyemcsa pacnonoxcumov umerowuecs 2epy3vl
mak, 4moobbsl 6ecbl OCMABAIUCH 8 PABHOBECUU, CM. puc. 27.

?: '. '—-
A
@ alp |,|
Puc. 27
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Ykazanue. {11 paBHOBECHs pacCMaTpUBAEMBIX 4Ya-
IIEYHBIX BECOB HEOOXOIUMO, YTOOBI CYMMBI BECOB IIO-
CTaBJICHHBIX TUPb, YMHOKEHHBIC HA JIJTMHBI COOTBETCTBY-
IOIUX IUJIeY, WMEIH OJWHAKOBBIC APOOHBIC YacTH IS
obeux yamr. OTCIOJja HETPYJHO BBIBECTH, UYTO BCE THUPH
IpoOHOTO Beca U3 MMEIoIIerocss Habopa JOKHBI HaXo-

JIUTHCS Ha OJHOM U TOH ke yale. JlaapHeiee 04eBUIHO.

3apaua 27a (cMm. [2]). [Janwr ypasnosewernnvie, HO He-
npasuibible YauieyHvle 8echl (OIUHA 18020 NieYd PAsHA
7 eOuHuyam, a O1uHa npasoo nieda pasra 9 eounuyam) u
Habop 2upsb ¢ ecamu:

9; 18; 19; 27; 33; 46; 100; 100.
Tpebyemcs max paccmasumov 6ce dmu eupu HA 0Oeux

yaulax eecoe, umooOblL 6eCbl OCMABANIUCS 6 paeHo6eCUU.

Pemenue. IIpexne Bcero, nepenuiiemM enie pa3 CIu-
COK YHCJIOBBIX 3HaYEHHI BECOB BCEX TUPh, yKa3aB B CKOO-
Kax BEJIMYMHBI OCTATKOB IPH JIEJICHUU Ha 9:

9 (0); 18 (0); 19 (1); 27 (0); 33 (6); 46 (1);

100 (1); 100 (1). (6"

Urak, names W3 BOCBMH YMCIOBBIX 3HAYEHUH BECOB
TUpb UMEIOT HEHYJIEBBIE OCTAaTKH MpH JeJieHUH Ha 9. Bce
MATHh COOTBETCTBYIOIIMX T'MpPb MOCTAaBUTh Ha MpaBylO ya-

11y, OYeBUIHO, HEBO3MOXKHO (TIpaBas yaiiua MepeTsHeT Jie-
By10). CreoBaTeabHO, HEKOTOPbIE U3 YIMOMSHYTHIX MATH
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TUPb NPUJIETCA MOCTABUTh HA JIEBYIO Yallly, HO IIPU 3TOM
CyMMa COOTBETCTBYIOIIMX OCTAaTKOB JOJKHA JEIUTHCA
Ha 9. SIcHo, 4TO Ha JIeBYIO Yally MPUAETCS MOCTABUTH Ye-
TBIpE TUPH U3 YIOMSIHYTHIX msiTH. KopoTkuii nmepebop Ba-
PUAHTOB NPHUBOJUT K OTBETY: Ha JIEBYIO 4Yally CJEAyeT
nocTaBuTh Tupu ¢ Becamu 19; 33: 46: 100, a Ha mpaByto

qamry — BCC OCTAJIbHBIC T'MPH.

3ameuanme. CocTaBisATh MOAOOHBIE 3a7ayul (MMErO-
[IUe KII0Y K OBICTPOMY PEIICHHUIO) JIETKO, & UX PEIICHHE
MOXKET OKa3aTbCsl MOJIE3HBIM JJISl YCTAHOBJIEHUS CBS3EH

MEX/1y MaTeMAaTUKON U (PU3UKOH.

Bor kak Oblma cocraBieHa 3amada 27a. IlycTh maHbl
ypaBHOBEIICHHBIE, HO HEPABHOIUICUME YAIICUYHBIC BECHI
(nmuHA neBoro miedya 7 €IMHUIL, JUIMHA TPABOTO Ijieda
9 equnui). bynem coctaBisaTe HAOOp TUPH C TAKUMH Iie-
JIOYUCIICHHBIMH BECaMH, 4YTO, TIOCTABUB THPHU Ha o0e ya-

I, Mbl OCTaBHMM Halllk YallICUYHbIC BCChl B PABHOBCCHH.

N3 sToro ycnoBus sSICHO, 4TO MOJHBIA HAOOP THUPH, KO-
TOPBIM HaM HYXEH, OJKEH COCTOSITh M3 JABYX Hemepece-
KaIoIMXCs TPYMI TUPb — «JIEBO» U «mpaBoity. [Ipu aTom
CYMMAapHBI BEC «JIEBOI» TPYIIbl JOJKEH HaleNno Je-
JUTHCS HA 9, a CyMMapHBIN BEC «IPABON» TPYIIIbI JOJKEH
Haleno AenuThes Ha 7. «JIeByto» rpynmy TMpb COCTaBIIs-
€M C TaKHM pacueToM, YTOObl BeC KaXKIOW OTIEIbHO B3s-
TOM TUPHU UMEJT HEHYJIEBOM OCTATOK MPH ACJICHUU Ha 9.
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Hamnpumep, Bo3bMeEM B Ka4eCTBE 3HAYECHUM BECOB T'MPb

U3 «JICBOW» IPYyMIIbI TAKKE YUCIIA!
19 (1), 33 (6), 46 (1), 100 (1) *)

(B ckoOKax yka3aHbl 3Ha4EHMsI OCTaTKOB NP JICJIEHUHU CO-
OTBETCTBYIOLIUX YKced Ha 9).

CymMupysl Beca TUPb U3 «JICBOW» TPyNIbI, T.€. YUCIa
u3 Habopa (*), crosmue BHE CKOOOK, U YMHOXasi pe3yJib-
TaT Ha 7, MOJIy4aeM YUCIIEHHOE 3HAYCHHE MOMEHTA CHJIBI,

HaIpPaBJICHHOTO MTPOTHB YAaCOBOM CTPEJIKU:
M =7(19 + 33 +46 + 100) = 1386.

(OTOT MOMEHT CUJIbI BO3HUKAET OT BO3JICHCTBUS CUJIBI TsI-
JKECTH «JIEBOW» TPYyNIBI TUPh HA JIEBOE IUIEYO HAIIMX 4Ya-

IICYHBIX BECOB.)

TakuM ke YHCIIEHHBIM 3HAYEHHEM IOJDKEH 00amaTh
MOMEHT CHJIbI, HAPABJIEHHBIA MO0 YaCOBOM CTPEJIKE, BO3-
HHUKAOUIMKA OT BO3IAEHUCTBUS CHUJIbl TSDKECTU «IIPABOMN»
rpyNbl THPh HAa MPABOE IUIEYO HAIIMX YAIICYHBIX BECOB.
CyMMa BeCOB «IpaBoOil» rpynibl TMpb, OUEBUAHO, JOJKHA

OBITH paBHA YaCTHOMY

M:9=1386:9=154.

Ternepp HalIEHHYI0O CyMMY BECOB «IIPaBBIX» THPb
MOXKHO «HAOMpaTh» W3 OTAEIBHBIX ClIaraeéMbIX OoJee-
MEHE€e TIPOU3BOJIBHBIM 00pa3oM. OJIHAKO AJIE TOTO, YTOOBI

y Hallel 3a1a4u 00pa3oBalics «KIF0YW) K OBICTPOMY pellie-

HUIO, IPEACTaBUM uucio 154 B BUJe CyMMBbI TaKUX ciara-
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€MbIX, U3 KOTOPBIX BCE, KPOME OJHOTO0, OYAyT ICIUTHCS
Ha 9.

Hamnpumep, nomoxum:

154=100+9 + 18 +27.

Wtak, yncneHHble 3HAYCHHUS BECOB «IPABBIX» TUPh —
9TO CJaraeMbie B MIPABOM YaCTH MPEIbIAYIIETO PAaBEHCTRA.

B pesynbrate momydaem cienyrouiuii 00beIMHEHHBIN
Ha0Op TUPH («IEBBIX» U «IIPABBIX»):

9;18; 19; 27; 33; 46; 100; 100. (**)

Cocraienue 3agauu 27a 3aKOHYEHO.

3amauya 28. CkoabKko 00JxCHA 8ecumv Kaxicoas us
mpex eupb, 4umobwl Ha U300paAdXdCceHHbIX Ha puc. 28 Hepas-
HONIEUUX YAUIeYHbIX 8ecax (Y KOMOpblX OMHOueHUue OJIUH
niaed pasHo 1:3) MONCHO ObLIO YPABHOBECUMb KANHCOBIU U3
wecmu 2py308, YUCIEeHHble 3HAYEHUS 8eCO8 KOMOPbIX CO-
omeemcmeenHo pashul 1, 2, 3, 4, 5, 67

- .
i .
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p—
n D

25



3amauya 29. CkoabKo O00JXMCHA 8ecumv Kaxicoas us
mpex eupb, 4umoowl Ha U300paddcenHvlx Ha puc. 29 Hepas-
HONJIeYUX 4aueyHbIX 6ecax (Y KOmopulx omuoulenue Onun
niey pasno 1:2) ModxcHo ObLIO YPasHOBeCUmMb KAHMCObLU U3
wecmu 2py308, YUCIeHHble 3HAUEHUS 8eCO8 KOMOPbIX CO-
omeemcmeeHHo pasuul 1, 2, 3, 4, 5, 67




3apaua 30. Ha puc. 30 uzobpasicenvl nepagHonieuue
yauleunvie 6ecvl, y KOMOPbIX COOmMHouleHue ONUH Nied
pasno 2:3. Bo3MOJCHO U MOYHO Omeecums Ha SMux Ge-
cax 1/6 ke MyKu ¢ nomowpio 08yx 2upb 6eCOM COOmMeEem-
cmeenHo 8 1 ke u 2 ke?

Tpebyemca mouHo omaecumb 1/6 K2 MyKU € TOMOULbIO 2Upb 6eCOM

Ikzu 2Kz

-IlrII-' , . ) e s
G L %

=

Puc. 30

VYka3zanue. 3a/1a4a peiiacTcs B 1Ba JCHCTBHS:
1) 2x =3x1; x =3/2.
2)3(3/2 —y)=2x2; y=1/6.
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§4. llouck paabIMBOH MOHETHI
HAa HePaBHOIJIEYMX Becax

3agaua 31. Hmeromces HepagHonieuue uauieunvle Ge-
Cbl, y KOMOPBIX COOMHOUleHUe OauH niey paeno 1:3
(cm. puc. 31). /lanee, umeromcs 9 moHem, HEOMAUYUMBIX
opye om opyaa Ha 8uo, cpeou KOmopwvlx — 00HA hanviuu-
sas. Bce nacmosiuue monemsl 00H020 8eca, a ganrbuusas
MoHema niecue Hacmosiuux. Tpebyemcs 3a mpu 636euiusa-
HUSL HA YNOMSIHYMBIX 8eCax 2apaHmupo8aHHO ONpeoeiunms
Ganvuusyro monemy.

? . , ?

00005
OO OO0

Puc. 31

Ykazanue. [Ipu nepsoM B3BEIIMBAaHUU HA JIEBYIO Ya-
LIy MO>KHO IIOJIOKUTBH LIECTh MOHET, a HA MPaBYIO — JBE.
BnpoueMm, MOXKHO HauaTh J€MCTBOBATH U MHAYE: IIPHU IEp-
BOM B3BCILIMBAaHUU IOJIOKUTH HA JIEBYIO Hally TPU MOHE-
Thl, & Ha NIPaBYI0 — OJIHY.
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3apaua 32. Umeromcs nepasnonieuue yauieuHvle Ge-
Cbl, Y KOMOPLIX COOMHOUleHue OnuH niedy pasHo 2:5
(cm. puc. 32). Hanee, umeromcs 9 monem, HeOMAUUUMBIX
opye om opyaa HA 8uo, cpedu KOMopvlx — 00HA anbiuu-
8as. Bce nacmosawue monemul 00H020 6eca, a ganvuiusas
Monema ne2ye Hacmoswux. Tpebyemcs 3a mpu 636euusa-
HUSL HA YNOMAHYMbIX 6ecax ¢ 2apaHmuel Onpeoenums
Ganvuiugyo Monemy.

Yka3zanmue. [Ipu nepBoM B3BEIIMBAaHUHU HA JIEBYIO Ya-
Iy CJIEYET MOJOKUTh MATh MOHET, a Ha MPaBYIO — JBE.
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3anaua 33. Hmeromcs nepasHonneuue yauieynvie Ge-
Cbl, Y KOMOPbIX COOMHOUIeHUe OUH niey pagHo m:n. Jla-
nee, umeemcsa m+n+l monem, HeOMAUUUMBIX OpYe OmM
opyea Ha 6uo, cpedu KOMoOpwlx — 00HA ¢hanvuusas. Bce
Hacmosuwue MOHemvl 00HO20 8eca, A Panbuusas MoOHemd
Jlecue HacmosIUuXx.

A) 3a kaxoe HaumeHvuee KOAUUECNBO 636CULUBAHUL
MOJICHO C 2apaHmuel onpedeiums @Oarbuusyo
MoHemy?

b) Tom oice eompoc, ecnu umeemcs ececo m+n+k

MOHem.

B) Tom owce eonpoc, ecnu uzeecmno moabko, mo
Qanvuiueas moHema Opy2o20 6eca, yem HACMOS-
wue (Ho Heu38ecmHo — iecue OHA UIU msidicenee).
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§5. B3peminBanue
NPOU3BOJILHOIO FPy3a HA HEPABHOILIEYUX Becax
U «IBOUYHASI CHCTeMAa THPb»

B srom maparpade Mbl pa3oBbeEM H3BECTHYIO HJACHO
(conepxamtyrocs, Harpumep, B [4]) 0 TOM, KaK OTBECHUTH
Ha HEPABHOIUICYMX HE YPABHOBEIICHHBIX YallIEUYHBIX Be-
cax poOBHO | KrI' CHIITydero rpysa, €CJIi UMEETCs MPaBUIIb-
Hasg Tups BecoM B | kr. HerpuBmanbHas upes, jexaias
B OCHOBE PEILEHUS 3TOM 33Jauu, 3aKII0YAETCA B TOM, UTO
BHauaje CJeAyeT YPaBHOBECHUTH CHITyYHM TPy30M IIpa-
BUJIbHYIO THPIO, a 3aTEM 2Uplo CHAMb U JOOUTHCS pPaBHO-
BECHS BECOB C IMOMOIIBIO BTOPOI MOPIIMH CHITYYETOo Irpys3a,
MTOMEIIEHHOW Ha MECTO YOpaHHOU TMpHu. DTa BTOpas Mop-
1y u OyneTr Becuth poBHO 1 kr. (CM. TOXOXKYIO 3amady
Takxke B [1].)

31ech MBI HECKOJIBKO M3MEHUM BBIIIEOIIUCAHHBIN MO/-
X0n, caciiaB €ro NpuMCHUMBIM HE TOJIBKO K CJIy4aro, KOoraa
HYXXHO OTBCCUTH Ha HCIIPABUIIbHBIX BCCAX 3apaHCC 3adaH-
HOE KOJIMYECTBO BEILECTBA, HO U K Oojee o01ieMy ciaydaro,
KOrja Hy’KHO OIIPCACIIMTL BEC ITPOU3BOJILHOT'O I'py34a.

Bnauane BBemem omnpenenenue. HazoBem cucremy
TUPH C BECaMU

Ir,2r,41,8r,161,32T1,64T1,128T, ... (*)

0BOUUHOU CUCMEMOU 2UDb.
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Wrak, Hama 3amada (OpMYJIHPYETCSs HECKOJIBKO
MO-IPyroMy, 4eM B [4].

O AR

Puc. 33

3anaua 34. Hmeromcsa nepagnonneuue, He ypagHose-
uieHHble yauleunvle 8echl, 080UYHAS cucmema 2upb (%),
MEWOK C NecKoM U Npou3BoJibHbullL meepobli 2py3 X, Ko-
MOPbILL HYIHCHO 636€CUMb HA UMEIOWUXCA 8eCAX C MOYHO-
cmvio 00 %2 epamma. Tpebyemcsa onucame aneopumm ma-
K020 836€UUUBAHUAL.

Pemenue. s onpeneaeHHOCTH, CUMTAEM, YTO BEC
rpy3a X He mpeBocxoauT 127 r, T.e. CyMMapHOro Beca
TUPH C BECaMU

Ir,2r,41,8r,16T,32T, 64T,

AJ'IFOpI/ITM COCTOUT B CJICAYIOIICM. Brnauane YpaBHO-
BCIIMBACM Ha HMCIOMIUXCA BCCaAX TI'PY3 X IIpru IIOMOIIH
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necka. (I'py3 X kinagem, Hanpumep, Ha JIEBYIO yally, a Ie-
COK — CBIILJIEM Ha MpaBylo.) 3aTeM cHUMaeM Ipy3 X c Jje-
BOM YalllM U KJIAJIEM Ha Hee TUpIo BecoM 64 r. Eciu Beckl
OKa3bIBAIOTCSl B PaBHOBECHUH, 3a7aua pemieHa. (OueBuIHO,
4TO Bec Ipy3a X Oyaer B TouHOCTH paBeH 64 r.) Ecnu xe
JieBas 4ailla MepeBelINBaeT, CHUIMAaeM MOCTAaBJICHHYIO T'd-
PIO C BECOB (8 OanbHeliuiem ee yice He UCNOIb3YeM) U 3a-
MEHSIEM €€ CIIEAYIOIIEH MO BECY; TaK JIEWCTBYEM 10 TEX
0P, MOKa 3TO BO3MOXKHO. EciM jke nepeBennBacT npasast
yaia, To 100aBseM K MOCTaBICHHON THpe BecoM B 64 T
(komopyto 6 Oanvheliuem yice He mpozaem) CIEIyIONIYIO
1o Becy, T.e. Tupio BecoM B 32 T. 3aTeM mpoueaypa Io-
BTOPSIETCSI, CHOBA paccMaTpUBAaeM TPHU Cydas; B MEPBOM
Cllyyae, Korja BEeChbl OKa3bIBAIOTCS B PABHOBECHUH, 3a/aua
OKa3bIBAETCs PEIICHHON (Bec Tpy3a X B 3TOM ciydae Oy-
net paseH 64 r + 32 r = 96 r). Ecnu neBas yaina nepese-
LIMBAET, TO CHUMAEM THPIO BeCOM B 32 I U 3aMEHsIEM CJie-
OYIOLIEN 10 BeCy; TaK JIEHUCTBYEM, IIOKA 3TO BO3MOXKHO.
Ecnu »xe mepeBemmBaeT mpaBas damia, TO J00aBIsIeM
K paHee IIOCTaBJIEHHBIM THPSM CIEAYIOLIYI0 10 BECy, W
IIpoLeaypa NOBTOPSETCA.

HerpyaHo noHATh, 4TO mpouenypa 3aKOHYUTCA, KOTa
HCYEpIaloTCs BCE UCTIOIB30BaHHBIE THPH.

B wutore Bec rpysa X Oyner nmpuOIM3UTENBHO paBeH
CyMME BECOB BCEX T'Mpb, OKa3aBUIMXCS Ha JIEBOM wyarie

B KOHIIE Iponeaypsl. McTUHHBIN BeC rpy3a X MOXKET OT-
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JAUYaThCs B TY WM MHYIO CTOPOHY OT 3TOM CyMMBbI Ha 1 T.
To4HOCTH B 72 TpaMMa MOXHO JIOCTUYb CJICAYIOLIMM CIIO-
coboMm. Ecniu B KOHIIE TIpOIIeTyphI JIeBas Yallla epeBeln-
BAaeT, a CyMMa BECOB BCEX HaXOJSIIMXCS HA HEH TUPH paB-
Ha 71 TpaMMaM, TO BeC Irpy3a X cleiyeT MOJOKUTh PaBHBIM
(n — '2) rpaMmam, eciiu e B UTOT€ IIEPEBELINBAET IIpaBast
yaiia, To BEC Ipy3a X CIEIyeT MMOJ0KHUTh PaBHBIM (1 + %)

rpamMMmam.

3ameuanue. UurtaTenb MOXKET 3aHMHTEPECOBATHLCS BO-
MPOCOM: BCEeTJa JH YHOMSHYTBHIM yIOOHBIH CIIOCOO
HAXOXKJCHHS Beca MPOU3BOJIBHOTO Tpy3a X cpabaThiBacrT,
HET JIM 3]IeCh MCKIIOYCHUH. 3aKOHHOCTh MPUBEICHHOTO
criocoba JTOKa3bIBAETCS METOJAOM MAaTeMaTUYECKOH HH-
nykiuu (cM. Jlob6asnenue 1).
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§6. HenpaBuJibHbIE BeChI
U cpeJHee reoMeTprYecKoe HeMpPaBUIbHbBIX
3HAYEeHUH Beca

JlommyCTHM, 9TO B HAIIEM PACTIOPSIKCHUH UMEIOTCS He-
MPaBWIBHBIC, HO YPAaBHOBEIICHHBIC BECHI, PUYEM COOT-
HOIIICHUE JIJTUH TUIEY 3THX BECOB HEM3BECTHO U HE MOXKET
OBITH HemocpeACcTBeHHO wu3Mepeno. (Hampumep, kopo-
MBICJIO BECOB MOKET OBITh MOJBEIICHO K MOTOJKY.) by-
JIeM, KpOME TOT0, CYUTaTh, YTO MbI PACIIONATAEM pACULU-
PEHHOU O0BOUYHOU CUCMEMOU 2upb, 2 UMEHHO — BCEMH

TUPSIMU C BeCaMU
.. 1/8r, Var, Va1, 11, 21, 41, 81, 161, 321, 641, 128, ...

[IpuBenem emie oauH croco® HaxoxaeHHS Beca P(X)
MPOU3BOJILHOTO Tpy3a X Ha MUMCKOIIUXCS HEMPABUIBHBIX
BECax.

ITpexne Bcero, 0003HaYMM JIMHY JIEBOTO U IPABOTrO
mieda Hamux BecoB depe3 Li m Lo coorBercTBenHo. Ilo-
JIO’KHMM I'py3 X Ha IIPaBYIO Yally BECOB U YPAaBHOBECHUM €TI0
C TOMOIUIbI0 Habopa TUpb ¢ oomuM BecoMm Pi . B pesyis-
TaTe MOJIyYUM I10 3aKOHY pbIYara:

PiL1=P(X)Lo. ()

Y6epem Tenepb ¢ BECOB BCe, UTO OBLJIO HAa HUX TOJIO-
JKE€HO. 3aTeM MOMECTUM Tpy3 X Ha JIEBYIO Yallly U YpaBHO-
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BECHM €ro C MOMOIIbI0 HOBOTO HabOpa UMEIOLIMXCS TUPb
¢ o6uum BecoM P2. TTomyunm:

P2L2=P(X)L1. (**)
[Togenus paBeHcTBO (**) Ha (*), moy4yuMm:
P2/ Pili=Li/Lo,

T.C.
P2/ P1=(Li/L2)%,

OTKYy/1a UMEEM:
Li/L2=(P2/ P1)'2,

[loncraBnsiss Temepp mocienHee COOTHOUIEHHE B (*),
0JIy4aeM UCKOMoe BbIpaxkeHue s P(X):

P(X) — P1(P2/ P1)1/2 — (P1P2)l/2. (***)

3ameuanme. Ha MIKOJIBHBIX 3aHATUSAX ATOT PE3YJIbTAT
MOJKHO HCIIOJIb30BaTh, HAlPUMEp, CIEAYIOIUM 00pa3oM.
CHayasia npy IOMOIIM B3BEIIMBAHUM MOJYUYNUTh 3HAUECHUS
P1u P2, 3aTem nepeMHOXUTB 3TH 3HAaYEHUS Ha KaJIbKYJIs-
TOpPE W W3BJIEYb W3 NPOU3BENCHMS KBAJAPATHBIA KOPEHb.
[locne wero B3BecuTh Ipy3 X Ha OOBIYHBIX BEcCaxX CO
CTPEJIKOM M CpPaBHHUTH pe3ysbTarbl. He MCKItOYeHo, 4To
TaKOW OIIBIT MOYET COACHCTBOBAaTh B3aMMHOMY IIPOHHK-

HOBEHHIO MIKOJIBbHOM (1)I/I3I/IKI/I 1 MaTEMaTHUKU.

3ameuanmne. Qopmyna (***) mosBosser 0Oe3 Tpyaa

OPOBCPUTH IIPU MOMOINHW YalICHYHBIX BCCOB CIPABCIIIN-
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BOCTb HEPABEHCTBA MEXIY CPEIHHM I'€OMETPUYECKUM M
CpeaHUM apu(METHUECKUM:

(P1P2)"2 < (P1+ P2)/2. (k)

(HepaBenctBo (****) Gynmer Ha caMOM Jeie CTPOTHUM,
T.K. P1# P2, nockonbky mneun L1 u L2 He paBHBL.)

Jis mpoBepku HepaBeHCTBa (****) HeoOxomumo
WUMETh JIBa WICHTUYHBIX HA0Opa «IBOMYHBIX» THPb, TIE
KaXkiast TUpsi OblTa ObI COCTaBlieHAa M3 ABYX OJMHAKOBBIX
1oyioBUHOK. Kpome TOro, HyHbl HEpaBHOILIEYHE YpaB-
HOBCIIICHHBIC YalIeUYHbIE BECHI, a TAK)Ke OOBIYHBIC Yalley-
HbI€ BEChl (paBHOIUIEUHE U ypaBHOBelIeHHbIE). [IpoBepka
HEpaBEHCTBA MEXJy CPEIHUM I'€OMETPUUECKUM M Cpel-
HUM apU(PMETUYECKUM CBEAETCS K YCTAaHOBJIEHHUIO TOTO
(akTa, 9TO Ha MPABWIBHBIX YaIlIEUYHBIX Becax rpy3 X monu-
HUMETCSI BBEPX IPH TOIBITKE yPAaBHOBECUTH €r0 IPy30M
¢ Becom (P1+ P2)/2.

3apaua 35. Hmeromcea nepasHonieuue ypasHogeuieH-
Hble yaweunvie eecvl. 1 py3 X eecom 16 ke Ovin cHauana
NONOMNCEH HA JIe8VI0 YaUly 8eC08 U YPABHOBEULeH YeOoYUC-
JenHvim epy3om P1 3amem epy3 X Ovin nonosicen na npa-
8Y10 HAULY 8€CO8 U YPABHOBEUEH YELOUUCTIEHHbIM 2PY30M
P>. Yemy pasno ommnowenue oaum niey paccmampuede-
MbIX HePABHONEYUX BeCO8?

3apaua 36. Mweromcsa nepasnonieuue ypagHogeuieH-

Hble YauleyHvle e6echl. prS’ X bwvin chauana nonoscen Ha
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JIegylo yauty 6ecos u ypaenoseuwien eupei P1 (npuuem uuc-
JIeHHOe 3HaueHue ecd, 0O03HAYEHHOe HA MOl 2upe, Hd
10% menvuie ee ucmunnozo geca). 3amem 2py3 X Ovin no-
JIOJICEH HA Npasylo Yauly 6eco8 u ypagHoseuieH eupei P>
(npuuem uucnenHoe 3HayeHue 6ecd, 0003HAYEHHOE HA
amotul eupe, Ha 10% 6onvuwe ee ucmunnozo eca).C Kakou
noepewHocmyio ObLL yemanosien gec epy3a X?

PaccMoTpenHas Bblllle CUTyalus MOXET ObITb 0000-
IIICHA Ha CJTy4Yaid, KOTJa 3apaHee HE U3BECTHOE 3HAYCHUE
BEca Tpy3a MOXET OBbITh MPEACTABICHO B BHJE CPEIHETO
TCOMETPHUUECKOTO HE JIBYX, a HECKOJIbKUX «HETPaBUIIb-
HBIX» YHCJIOBBIX 3HAUCHHIA, TIOJTYYCHHBIX Ha HEpaBHOILIC-
YUX BECax.

A MMEHHO, IyCTh, HAIIPUMEP, B HAIIIEM PACTIOPSDKCHUN
UMECIOTCSl TPU 3K3EMIUISIpA YalICYHBIX BECOB, Y KOTOPBIX
OTHOIIICHHE JIJTMHBI JIEBOTO TIIeYa K JUTUHE TPABOTO COOT-
BeTCTBeHHO paBHbI Li/L2, Lo/L3, L3/Li1 . I[loouepknem, umo
YUCTLOBbLE 3HAYEHUSL CAMUX DMUX OMHOWEHUN ONUH Mbl
cuumaem Heuszsecmuvimy. IlocienoBaTENbHO ypaBHOBE-
IIMBasi C TIOMOIIBIO TUPh TPY3 X Ha 3THUX TPEX DK3EMILIsI-
pax yamie4HbIX BecoB (rpy3 X Bcerja CTaBUM Ha JICBOC
IJIEYO), OJTyYaeM:

P(X)Li = P2Lo,
P(X)L2 = PsLs,
P(X)Ls = PiL.1.
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[lepeMHOkast 3TH TpU pPaBEHCTBA U COKpaIlllasi HA MPo-
nsBenenue Lilols, nerko nmomyyaeM MCKOMOE BBIpaKEHHE
st P(X):

P(X) = [P1P2P3]'".

Ecnu kaxxnas ucnonb3oBaHHAs TUPS CIIOKEHA U3 TPEX
WUICHTHYHBIX (PAarMEHTOB, TO HETPYAHO TPOBEPHUTH (HA
OOBIUHBIX PaBHOIUIEYUX Becax, 0€3 KaKUX-JIMOO BbIUUCIIE-
HUM) CIPaBEUIMBOCTh HEPABEHCTBA MEXAY CPEIHUM Teo-

METPUYECKHUM U CPETHUM apH(PMETHICCKUM:

P(X) =[P1P2P3]"3 < [P1+P2+P3]/3.
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§7. «/|BouYHbBIE» YallleYHbIe BeChl
U MX NPEeUMYIIEeCTBO Nepea 00bIYHbIMH [6]

PaccmoTpum osouunyto cucmemy eupo
Ir,2r,41,81,161,32T1,64T1,128T, ...,

U €€ MPOU3BOJIbHBIN HAYAJIbHBIA OTPE30K:
Ir,2r,4r,8r,161,321,64T1,...,2"T. (*)

Ecnu 3apanee u3BeCTHO, UTO YMCIOBOE 3HAYEHHUE BEca
P(X) unrtepecytoliero Hac LEIOYUCIECHHOTO rpy3a X He

npesocxoaut (2" —

1) (T.e. CyMMBI YUCIIOBBIX 3HaYEHUU
BCEX BECOB 3THUX (1 + 1) TUpb), TO TaKOH rpy3, OYEBUIHO,
BCET/Ia MOXET OBITh ypaBHOBEIICH HA PaBHOIUICYUX Ya-
LICYHBIX BECAX IPHU MOMOIIM HEKOTOPBIX THPh U3 3TOrO
Habopa. (Jto crnemyer U3 TOro Qaxra, 4ro Jr0OOE HATy-
paJlbHOE YHUCIIO EIWHCTBEHHBIM 00pa3oM IpeacTaBUMO
B BUJIE CYMMBI cTteneHeil ABoiiku.) [Ipu stom cam rpy3 X
MMEET CMBICII MOMEIIAaTh Ha OAHY Yallly BECOB, a TUPHU —
Ha JIpyTyt0. Bo3MOXHOCTh MOCTaBUTh HEKOTOPBIE TUPU HA
OJIHY Yallly BMeCTe C Tpy30M X, 0€3yCIIOBHO, CYIIECTBYET,
HO HMKAaK HE PacIIUpsET COBOKYMHOCTh TEX LIEIOYHUCIICH-
HBIX TPY30B, KOTOPbIE MOXXHO B3BECUTh Ha PABHOIUICYUX

BECax.

Hamnpumep, rpy3 X Becom B 15 © MOXeT ObITh ypaBHO-
BEIIEH JABYMs CIOCO0aMH, B COOTBETCTBUHU C YUCIIOBBIMU
paBeHCTBaMU:
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P(X)+ 1= 16,
P(X)=8+4+2+1.

Ecnu B HameMm pacriopshkKeHHH UMEIOTCS HepaBHOILIe-
yre (HO 00s3aTeNIbHO ypaBHOBELIEHHbIE!) yallleyHble Be-
CBl, TO CHUTyalus pe3ko MeHsiercs. Hambosee mnHTepeceHn
Clly4aii, KOTla O/IHO TUIEYO BECOB BIBOE UIMHHEE PYTOTO.
Taxue uvamieyHple BeChl MBI OyZeM IIsl KPaTKOCTH Ha3bl-
BaTh «IBOWYHBIMI». MBI OyZleM CUHMTaTh, YTO JIEBOE ILIE-

40 uMeeT IuHy L, a mpaBoe — mmHy 2L.

Teopema 1. Ha «0souunvixy eecax, pacnonaeas Habo-
pom eupb (*) moducHo ypanosecums 000U YenouUCTIeH-
HbLLL 2PY3, 6eC KOMOopo2o He npesocxodum 2"z,

Joka3zatenabcTBo. MTak, MonoxuM Ha KOPOTKOE Iuie-
4o (mmuHbl L) rupro Becom 2 T, a Ha JJIMHHOE 1140 (JJTH-
Hbl 2L) — rpy3 X. PaBHOBecue OyneT o3HayaTh, YTO CIpa-
BEJIMBO PABEHCTBO:

2-L =P(X)-2L,
T.C.

P(X)=1.

OTO eAMHCTBEHHBIN Cily4ail, KOrja HaM NPUXOIUTCS
KJIACTh B3BEIIMBAEMBIN I'Py3 Ha JUIMHHOE ILIe4o. Bo Bcex
OCTAJIBHBIX CIIy4asiX, UMes JI€J0 C LEJIOYNCICHHBIMU IPy-

3aMHM, B3BEIIMBAEMbII Ipy3 OylIeM KiIacTb Ha KOPOTKOE

IJIEY0 HalllUuX «IBOUYHBIX)» BECOB.
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Hanee, ypaBHOBecuM rpy3 X BecoMm 2 r. PaBHOBecuio
BECOB COOTBETCTBYET TEIEPHh PABEHCTBO:

P(X)-L=12L,
OTKy/1a

P(X) =2.

PaBHOBecusiM rpy3oB BecoM B 3 1,4 T, 51 ... Oyayr
COOTBETCTBOBATH PABEHCTBA:

(P(X)+ 1) L=22L,

P(X)L =2-2L,

(P(X)+1+2)L=42L,
U T.J.

To, uro nrOOOH TENOUYHCICHHBINA TPy3, BEC KOTOPOTO
He TpeBblmaeT 2" r, MOXHO ypaBHOBECHUTH Ha «IBOMY-
HBIX» BECax ¢ MOMOIIbI0 Habopa Tuph (*) Oyaem mokasbl-

BaTh 110 UHAYKLIHH.

baza unoyxkyuu. Ilycte n = 1. Torma yTBepxacHUE
TEOPEMBI BEpHO (CM. BBIIIE).

IIpeononoowcenue undykyuu. Ilpeanonoxum, 4ro mpu
HEKOTOPOM TIPOU3BOJIBHO B3STOM /1 = k YTBEPKICHHUE TCO-
PEMBI BEPHO.

Hlae undykyuu. Jlokaxem, 4TO TOTJa YTBEp>KACHUE
TeopeMbl OyZeT cripaBeUIMBBIM U it n = k + 1. Ilpexne
BCEro, 3aMETHM, YTO HAaC MOTYT MHTEPECOBATh TOJIBKO Iie-

JIOUMCIIEHHBIE TPY3bl, BEC KOTOPHIX cTporo Gombiue 24 r
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(HOCKOIIbKY 11€IOUMCIIEHHbIE IPY3bl MEHBIIETO BECA MOTYT
OBITH YPaBHOBEIIEHBI HA HAIINX «IBOUYHBIX» BECaX C MO-
MOIIBIO UMEIOLIEHCS CUCTEMBI TUPb MO MPEANON0KEHUIO
UHAYKIUK). TIpy 5TOM MBI, B COOTBETCTBUM C YCJIOBHEM
TEOpEMBI, PacCMaTpPUBAEM IPy3bl, BEC KOTOPBIX HE Mpe-
Bocxomut 22 r.

I/ITaK, HAaC MHTCPECYCT CJ'IGIIYIOH_[I/Iﬁ MMPOMEIKYTOK IIC-
JIOYMCJICHHBIX 3HAUCHUN Beca B3BEIINBACMBIX T'pPy30B:

2K+ 1 <P(X) <292, (**)

3aMeTHM, OJHAKO, YTO JIF00O0E LiejIoe Ynciio P u3 sroro
MIPOMEKYTKa MOXKET OBITh MPEACTABICHO B BUJE Pa3HO-

CTH:
P=22_M,

rome M — [eJI0€ HEOTPULATCIIBHOC YHUCII0, HE IIPCBOCXOAs-

k1 _ 1. Takum o6pazoM, uncio M MoskeT ObITh 60

uiee 2
paBHBIM HYIIO, JIMOO TIPEACTABIATH COOOHW CymMMy He-
CKOJILKMX CTETICHEHW JBOWKH, TJE BCE IMOKa3aTelH CTere-
HEeW pa3jIu4Hbl U HE BHINIE k. JTO, B CBOIO OYepe/lb, O3HA-
yaeT, 4To Ipy3 X ¢ uucioBbiM 3HaueHueM P(X) wu3
npoMexyTka (**) Moxer ObITh ClEeQyIoIKUM o0pa3oM
YPaBHOBEIICH Ha «IBOMYHBIX» BECaX CUCTEMOU THpb (*),

roe n=k+1.

Eciu P(X) = 2F2, 1o Ha neBylo wamry mnomeriaem
rpy3 X, a Ha npaByIo — rupio Becom 21,
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Eciu P(X) < 252, 10 mo-mpeskHeMy Ha JIEBYIO Yallly
nomemiaem rpy3 X, a Ha npaByio — rupro Becom 25! r, Ho,
KpOME TOT0, Ha JIEBYIO Yally CTaBUM HEKOTOPBIE TUPH U3
Habopa (*), rne n =k.

TeopeMa JOKa3aHa.

3ameuanme. VTak, « IBOMUHBIE» YallledHbIE BECHI (TIpU
OJIMHAKOBOM JIBOMYHOM Ha0ope Trupb) IMO3BOJISIOT B3Be-
CUTb BCE T€ 1IEJIOUNCIIEHHbIE IPY3bl, KOTOPbIE MOTYT OBIThH
B3BELICHBI Ha OOBIYHBIX paBHOIUIEYHX Becax. OHAKO He-
TPYJHO TOHATh, 4TO, ONepupys HabopoMm rupb (*), Ha
«JIBOMYHBIX» BECAX MOXKHO YPaBHOBECUTb U TaKHE IIEJIO-
YHCJIEHHBIE TPY3bl, KOTOPbIE HA PABHOIUIEUMX BEcax ypas-
HOBEIIEHBI OBITh HE MOTYT. A UMEHHO, 3TO T'PY3bI CO Clie-
OYIOIIMMHU TOCJEI0BAaTENIbHBIMU YETHBIMU YHCIIOBBIMU

3HA4YCHUSIMHU BCCaA.
aml gl gty g 2m2_ ), (F%)

OueBuHO, U4TO eciu K Habopy rupsk (*) 106aBUTH BTO-
pyto THpIO BecoM | I, TO Ha «IBOWYHBIX» YaIlIEYHBIX Be-
cax MOXKHO OyJyT YpaBHOBECUTH JIFOOOH IEITOYUCICHHBINA
IPy3 C YMCITIOBBIM 3HaYeHHeM Beca oT 1 10 22— 1,

3ameuanue. Ho make 3TUM He WCUEPIBIBAIOTCS TIpe-
MMYIIIEeCTBA «IBOWYHBIX)» BECOB Tepes] OOBIYHBIMH (paB-
HOTUICYMMH) YallleYHbIMUA BecaMu. J[ermo B TOM, 4TO, pac-
moyiarasi CUCTeMod ruphb (*), Ha «IBOMYHBIX» Becax
MO>KHO YPaBHOBEIIUBATH HE TOJBKO IIEIOYUCIICHHBIE, HO
nonyiensie rpy3bl. Hampumep, rpy3 X Becom B 3% T
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MO>KHO YPaBHOBECHUTb Ha «JBOMUYHBIX)» BECAX, €CJIM I0JIO-
KUTh €r0 Ha NpaBylO 4Yally (ONUPAIOIIYIOCS Ha IUIEUO
JunHBL 21), a Ha JeByl0 Yamry (ONMUpAIOUIyIOCs Ha IUIeHO
JiHBI L) — rupu Becom 4t, 2r u 1T.

3ameuanue. I[lompoOyeM CpaBHUTH BO3MOKHOCTH
«JIBOMYHBIX» YalIeUYHbIX BECOB C OOBIYHBIMH (paBHOILIE-
YUMH) NpU MHOM cucteMe rupb. Hampumep, paccmoTpum
0osee-MeHee OOLICTIPUHATYIO «IECSITUYHYI0» CUCTEMY
IUpb, HAIIOMMHAIOIIYIO 110 CBOEMY COCTaBy IpPEBHEPUM-
CKYIO CUCTEMY CUMUCIICHMSL:

1 2 (namp wumyk oounaxoewvix 2ups), 5 2, 10 2 (uemuwi-
pe oounaxoewte 2upu), 50 2, 100 2 (uemvipe oounakxogwie
zupu), 5002. (HHEE)

Takast cucreMa rupb, OUYE€BHUJIHO, ITO3BOJIIET YPaBHOBE-
CHUTH Ha OOBIYHBIX YAIIEYHBIX Becax JIFOOON LET0YNUCIIEH-
HbI Tpy3 BecoM oT 1 1 10 1000 r.

[TormpoOyeM BBISICHUTDH, KaKHE LEIOYUCICHHBIC T'PY3bI
MOXXHO YPaBHOBECHTh Ha «IBOMYHBIX)» YaNICYHBIX BECax
IpH paboTe C CUCTEMOM TUpb (F*#%),

[Ipexne Bcero, O4EBUIHO, YTO, MOJIb3YSACh CUCTEMOMU
rupb (****) MOXXHO ypaBHOBECHTh Ha YaIlICYHBIX Becax
000 «UeTHBINY» IeTOUNCIICHHBIN TPy3 B Mpejenax oT 2 T
o 2000 r.

Mpbl, OgHAKO, BPEMEHHO OCTaBHUM JTOT pPE3yJIbTaT
B CTOPOHE W OTPAHHYUMCS PACCMOTPEHHEM BCeX («UeT-
HBIX» U «HEUETHBIX») IETOYNCICHHBIX TPY30B B Mpeaenax
or 1 r mo 1000 r.
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Teopema 2. Bce yenouucienuvie epy3vl, KOmopule Mo-
2ym 6vimb YpasHoGeuleHbl Ha 0ObIYHBIX 8ecax Npu NOMO-
wu cucmemsl 2upv (**EF*) m. e. yenouucnenmvie epysvi
6 npedenax om 1 2 0o 1000 e, yoaemcs ypasnosecums u Ha
«OBOUYHBIXY 8eCaXx.

Joka3atenbcTBo. [{J151 ONpEeAeIEeHHOCTH CUUTAEM, UYTO
gyucnoBoe 3HaueHue P(X) Beca rpysza X — Tpex3HauHOE
YUCIO:

P(X)=100a + 100 + c.
Wrak, knaneM rpy3 X Ha JI€BYIO 4ally.

Ecnu a 4yetHo, TO Ha mpaBylo yally KiajaeM a/2 cro-
I'PAaMMOBBIX TUPb U MEPEXOJUM K PAaCCMOTPEHUIO pa3psiza
JIECSITKOB.

Ecnu a HedeTHO, TO Ha JIEBYIO yally J00aBisieM K rpy-
3y X OJHy WJIM TPU CTOTPaMMOBBIE THPH, a Ha IPABYIO
yaily KJIaJgeM, B 3aBUCUMOCTU OT CUTyalluM, MSITHCOT-
IrPaMMOBYIO THUPIO HWJIM HECKOJIBKO (OT OJHOM 10 TpEX)
CTOrpaMMOBBIX THUpb. B pesynbrare Oyaem HMeETh €O
C OJTHUM M3 YHCJIOBBIX COOTHOIIEHUH BUA:

P(X) + 100 + ... = 2500 + ...,

P(X) + 100 + 100 + 100 +... =2:500 + ...,
P(X) + 100 + ... = 2<(100 + 100 + 100) + ...,
P(X) + 100 + ... = 2<(100 + 100) + ...,
P(X) + 100 + ... =2-100 + ...,
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AHaNornyHepIM  00pa3oM MPOJOKAaeM JeHCTBOBAThH
B pa3psijie JECATKOB U, 3aTEM, B pa3psle eAuHul. Teopema
J0Ka3aHa.

IIpumep. ['py3 X Becom B 739 T MokeT ObITh ypaBHO-
BEIIICH Ha «JIBOMYHBIX)» Becax CIEAYIOIINM 00pa3oM:
(P(X) + 100 + 100 + 100 + 10 + 1)-L = (500 + 10 + 10 + 5)-2L.

Bepuemcst tenepb K BONPOCY O TOM, KaKUE «HEYeT-
Hble» Tpy3bl X ¢ uyncioBbIMU 3HaueHussMu P(X) u3 mpo-
MexyTka or 1001 mo 1999 moxHO ypaBHOBECHUTH Ha

«IBOMYHBIX» Becax C MOMOIIbIO Habopa IEeIOYNCICHHBIX
rupb (****). Umeem:

(P(X) + 1)L = (500 + 1)-2L, otkyma P(X) = 1001,
(P(X)+1)L=(500+ 1+ 1)2L, orkyaa P(X) = 1003,
(P(X)+ 1)L =(500 + 1 + 1 + 1)-2L, otkyma P(X) = 1005,
PX)+1)L=(500+1+1+1+1)2L, otkyma P(X)= 1007,
(P(X) + 1)-L = (500 + 5)-2L, otkyna P(X) = 1009,

(P(X)+ 1))L=(500 + 5+ 1)-2L , otkyma P(X) = 1011,

PX) + 1)L = (500 + 5 + 1 + 1 + 1 + 1)2L,
otrkyna P(X) =1017,

(P(X) + 1)-L = (500 + 10)-2L , otkyza P(X) = 1019,

(P(X) + 1)-L = (500 + 100 + 100 + 100 + 100 + 50 + 10 + 10 +
+10+10+5+1+1+1+1)2L, orkyma P(X) =1997.

47



ITonuepkHeM, YTO B MIPaBBIX YACTAX BCEX MPEIBIIYIINX
COOTHOIIEHUH, onpeaenstonux Heuetnole 3Hauenus P(X)
B npeaenax ot 1001 no 1997, cnaraemoe «1» BcTpeuaercs
He 0oJjiee YeThIpex pas, a JeBbIe YaCTU BCEX ITHX COOTHO-

IIEHNI OJJUHAKOBBI.

Hrak, mpu momontu rupb (****) Ha «IBOMYHBIX» Be-
cax yJaeTcsl YpPaBHOBECHUTHh MOYTH BIBOE OOJBIIE IIENO-
YHCIIEHHBIX TPY30B, YeM Ha OOBIUYHBIX YalllEYHBIX BECaXx.
A uMeHHO — Nt00bIe 1IeTTOYUCIICHHBIE TPY3bl BeCOM OT 1 T
mo 1998 r.

I'py3 Becom 1999 r Ha «IBOMYHBIX» BEcax ypaBHOBE-
CUTh C TIOMOIIBIO Habopa rupsk (****) yxe He ympaercs.

3apaua 37. YpaBHOBECHUTH Ha «JIBOMYHBIX)» YaIICUHbBIX

Becax rpys BecoMm 1559 r, nmonp3ysch rupsaMu U3 Habopa

Vkazanue. 1559 = 2-(1560/2) — 1 =2-(500 + 250 + 30) — 1.

+B= 32 + X2

Puc. 34
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3agaua 38. Ilpungymars anroput™ B3BELIMBAHUS Lie-
JIOYUCIIEHHOTO T'py3a Ha «JIBOMYHBIX» YalIEYHBIX BECaxX

C WCIIOIh30BAaHUEM JIBOMYHOMN CHCTEMBI TUPH (*).

B 3akmiouenue 3ametum crnenyromiee. [lo-Buaumomy,
HUKAaKHE WHBIE HEPABHOIUIEUHE BECHI ((TPOHUHBICY, «IIsi-
TEPUYHBIE» WIH €llle KaKUe-TO) He 00JIaJaloT TaKUM IIU-
POKUM OXBAaTOM TPY30B, KOTOpbIE YJIAeTCsl B3BECUTh MPHU
pa3yMHOI CUCTEME TUPb.
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§8. Tpouunasi cucremMa rupb Ha PaBHOIJIEYHX Becax.
CpaBHeHHe ¢ IBOMYHOM CUCTEMOM r'Mpb
U «IBOMYHBIMW» BeCaMu

MoseTr mokasarbcs, YTO MpH JII0O0H CUCTEME THPh
«IBOMYHBIE» BeCHl paboTaroT >PdeKkTrBHEE, YeM OObIU-
Heie. Ho aT0 He Tak.

CyuiecTByeT cuCTEMa THpb, 3aME4aTesIbHO MPHUCIIO-
co0JieHHast K OOBIYHBIM (PaBHOIUICYUM) YalIeYHBIM BECaM
U COBEPLIEHHO HE NPUIOJHAsl Ui HCIOJb30BAaHHUS Ha

«IBOMYHBIX) BE€Cax.

DTO cucrtemMa, B KOTOPOW YMCIIOBbIE 3HAUEHUS Beca
TUpPb TMPEICTaBISAIOT cO00i MOcleoBaTeIbHbIe CTEHCHH
TPOWKH:

1,3r,91,271,81T1,...,3", ...

Oxka3bIBaeTcs, 4TO € MOMOIIBIO TUPb, IPUHAAIEKAIIUX
Ha4yaJIbHOMY OTpPE3Ky 3TOH CHCTEMBI, T.€. COBOKYIHOCTH

THpb C BeCaMH
n

I1r,3r,91,27r1,81r,...,3"T, *)
MO>XKHO Ha PaBHOIUIEUMX BEcaX ypaBHOBECUTH JIHOOOH Iie-
JIOYUCIIEHHBIA TPy3, BEC KOTOPOrO HE MPEBOCXOJIUT CyM-
MbI YUCJIOBBIX 3HaY€HHH BeCOB BceX I'Hph (*). CymMmmupys
TE€OMETPUUECKYIO0 MPOrPECCUI0, UMEEM JUIsl STOW CYyMMBI,
KOTOpYIO 0003HAYHUM Sy :

Sh=(3""1-1)2.
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Takum o00pa3oM, OTHOLIEHHE KOJMYECTBA IIEIOYHUC-
JIEHHBIX I'PY30B, KOTOPbIE MOYKHO ypaBHOBECUTb Ha paB-
HOIIJICUUX BeECaXx, MOJIB3YSICh CUCTEMON THph (*), K KOJIu-

YeCTBY MCIOJIb30BaHHbBIX THPh PABHO APOOH
G =DR2m+1).

ABanornyHoe OTHOIIEHHE i1 JIBOWYHOI CHCTEMBI

TUpb PaBHO
Q" 1)+ 1).

Wtak, Mbl BUAMM, YTO MPU OJWHAKOBOM KOJIMYECTBE
JOCTYTHBIX JJISl UCTIOJIb30BaHUS TUPH (paBHOM 7 +1), Tpo-
WYHBIE THPH, €CIU A1 JOCTAaTOYHO BEJIHMKO, IMO3BOJISIOT
yYpaBHOBECUTh Ha PABHOIUICYHX BEcax HAMHOTO OOIbIIe
L[EJIOYUCIIEHHBIX TPY30B, UeM JIBOM4HbIE. HeTpyaHo 3ame-
TUTh, YTO B YKa3aHHOM CMBICJI€ UCIIOJIb30BAHUE TPOUIHBIX
TUpb Ha PaBHOIUICYHX BECaX OKA3bIBACTCS MPHU OOJBIIHX 7
Takke 0oJjiee YKOHOMHBIM, Y€M HMCIIOJIb30BAHUE JIBOMYHBIX
TUPb Ha «JIBOMYHBIX)» Becax.

3ameuanue. 3a7a4a HAX0XKICHHS] HAUMEHBIIIETO YUCIa
TUPb, JOCTATOYHBIX IJII TOTO, YTOOBI ypaBHOBECUTH 3a-
JTAHHBI WHTEpBal IEJIOYMCICHHBIX TPY30B, HOCUT UMM
¢dpanmysckoro Mmatematrka Kionga Bamre, koTopsiii omyo0-
auKoBan ee pemeHue B 1612 romy. Okxaszanock, 4TO
HAWIy4YlIud pe3yJibTaT JAeT HCHOJb30BAHUE TPOUYHOMN

CUCTCMBI I'Pb.
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[TokaxeM, kak paboOTaeT TPOUYHAsI CUCTEMA THPb, €CIU
HYKHO, HallpuMep, ypaBHOBecUTb Ipy3 X Becom 41T.
[Ipexne Bcero, npeactaBuM uucio 41 B TPOUYHOH cucTeMe
CUMCIICHUS, T.€. PA3JI0KUM 110 CTENEHAM TpoKku. Mmeem:

41=13+13*+13+23% =
=133 +132+13+3-1)1=13+132+23" -1=
=13¥+132+@B-D3"' - 1=133+232+-3-1=
=133+3-1)3> -3-1=
=23-9-3-1=3-1)3*-9-3-1=
=81-27-9-3-1.

Taxum o6paszom,

41=81-27-9-3-1.

Hrak, 1OCTaTOYHO IOCTaBUTh HA OJHY 4Yally BECOB
paccmaTpuBaeMbIil Ipy3 X U 4YeTbIpe 'Mpu BecoM B 27T,
9r,3rulr, aHaapyryo yamy — rupro BecoM 81 r.

3ameuanmne. CpaBHUBaTh 3()()EKTUBHOCTH HCIIOIB30-
BaHHUA YaIllIEYHBIX BECOB (B COBOKYITHOCTH C COOTBETCTBY-
IOIIEeH CHUCTEMOM THPh) MOXKHO HE TOJIBKO MO BEIHYHUHE
IpoOu, paBHOW OTHOINEHHWIO IUAana3oHa 3HAYCHHH Beca
YPAaBHOBEUIMBAEMbIX I'PY30B K 4YMCIy rupb. B kaudectse
WHOTO TapaMeTpa MOXKHO B35Th OTHOIICHHUE JHAara30Ha
3HAQUYECHMI BeCa ypaBHOBEIIMBAEMBbIX I'PY30B K CyMMAapHO-
My BeCy Bcero Habopa HCIOJIb3yeMBIX THpb. Hempyouo
gudems, YUMo NO IMOMY NAPAMEMPY «OBOUYHbLLE» BECHl
emecme ¢ 0BOUYHLIM HADOPOM 2Upb NPUMEPHO 8080€ npe-
80CX00amM pe3yibman, 00Cmu2aemslii npu NOMowU 1060-
20 HAOOpa 2upb HA PABHONIEUUX 8ECAX.
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§9. KBagparHblie ypaBHeHHsI
Ha cynep-4alleyHbIX Becax

HazoBeM cynep-uawieunvivu Becbl, y KOTOpPBIX Ha
KaKJOM M3 IUIEY MOXKET OBITh PAacMOJIOXKEHO HECKOJIBKO
gam. Mpl OrpaHUYMMCSl ClydyaeMm, H300paKCHHBIM Ha
puc. 35, riae uMeercss €AMHCTBEHHAs Yallla Ha KOPOTKOM
MIpaBOM IIJIEY€ U JBE YalllM Ha JJIUHHOM JIEBOM, U3 KOTO-
PBIX OJIHA PACIOJIO’KEHA POBHO IOCEPEIUHE JIEBOTO IIeya.

Bynewm cuutaTh, uTO OTHOMIEHUE ANUH Tuied L1/ L2 Ham

HCU3BCCTHO.
2 ¢
L A i,
i
Eg\ <@>
L L2 & L
Puc. 35

VYpaBHOBecuM Tpy3 X OBYyMs pasHBIMH ClOcoOamu,
U300paKeHHBIMU Ha puc. 35.

MpbI npeanonaraeM, 4To rpy3 X HaCTOJIBKO TSXKEN, 4TO,
Ja)ke TIOMECTUB €ro Ha Ty JIEBYIO Hallly, KOTOpasl pacro-
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JIO’)KEHA IIOCEpPEAMHE JIEBOI'O ILIe4Ya, YPAaBHOBECHUTH €I0
yYAAeTCs JIMIb C IOMOLIBI0 THUPH, NEPEKUHYTOH uepes
OJIOK U IPUBS3aHHON K KOHILY JIEBOTO IUIeYa.

B pe3ynbpTare momy4uM 1Ba COOTHOILICHHUS:
PiL1 = Q(X)La,
Q(X)L1/2 — PsL1 = P2Lo,

rae Q(X) — HeW3BECTHOE YHCIOBOE 3HAUECHHE Beca TIpy-
3a X; Pi1, P> u P3 — 4nciaoBBIe 3HAaUe€HHS Beca COOTBET-
CTBYIOILUX TUpb; L1 1 L2 — JUIMHBI TUI€Y Cynep-4aiieyHbIX
BecoB. llomenuB mpenplayline COOTHOIICHHS OIHO Ha
npyroe, n30aBUMCs OT HEU3BECTHhIX 3HaueHud Li u Lo,
OTKyJa JIETKO TIOJYyYWM KBaJpaTHOE YypaBHEHUE s
Q=QX):
Q%2-P3Q - PiP2=0.

HeTpynHo MOHATH, YTO KOPHH 3TOTO ypaBHEHHS 00s-
3aTeNbHO OyAyT MMETh pa3Hble 3HAKH, OTPULATEIbHBIN
KOpEHb HE UMeeT (PU3NIECKOTO CMBICIIA.

3ameuyanue. DTOT pe3ysbTaT MOXKET MPEICTABIATH
OTIpENICTICHHBI WHTEPEC, €CIM IOCTaBUThH Iepes COoOoi
1eIb: OOHAPYKEHHUE CBSI3U MEXJ1y YUCTO MAaTEeMaTUYECKOM
MPOLEAYPOH pelleHus] KBaJpaTHOIO YpaBHEHUsI M Tpe.-
METHBIMU JCHCTBUAMM: B3BEIIMBAHHEM Tpy3a X cHauajia
Ha YallleYHbIX CyIlep-Becax, a 3aTeM - Ha OObIUYHBIX Becax
CO CTPEJIKOM.
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§10. «/IBonuHbIE)» Cynep-BechI
U TPOMYHAS CHCTEMa CYMCJIeHHSA

PaCCMOTpI/IM O6I)I‘-IHI)IC «IBOUYHBIC)» YaIlICYHBIC BECHI
U IIpEBpaTUM HUX B CYIEpP-BECHI, IIOMECTUB IIOCEpPEINHE
JUTMHHOTO TIJIeYa eIie OHy (TpeThio) vairy (cMm. puc. 36).

sa 45

Puc. 36

HeTpynHo MOHSATH, YTO Takue CyNep-BeChl HICabHO
MPUCTIOCOOJICHBI Ul TpOMYHOro Habopa rups. [leiicTBu-
TEJIbHO, pa3jarasi HaTypajJbHOE YHCIIO MO CTENEeHSIM TPOU-
KM, MBI JTUOO BOOOIE MTHOPHPYEM HEKOTOPYIO CTEIIEHb,
1100 GepeM ee 0THOKPATHO, TUOO0 ¢ KOIPPHUIUEHTOM «2».

[lepeBox 3TOr0 HAOMIONCHHS HA SI3BIK BECOB M THPH
O3HAYaeT: ypaBHOBEIIWBAs IICIOYUCICHHBIN TPy3 C TO-
MOIIBIO TPOMYHOU CUCTEMBI TUPbh, MBI MOCTYIIaeM CIICIY-
omuM obpaszoM. ['py3 ctaBuM Ha mpaBoe (KOPOTKOE) Tijie-
90, a HEOOXOJWMBIC THPU W3 HMMEIOUIETOCS TPOUYHOTO
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Habopa CTaBUM Ha JIEBOE IUIEYO — MO0 Ha KpaiHIOK Ya-

ury, 1100 Ha Yallry, pacrloyIoKEHHYIO TOCEpEeIUHE TIeya.

Takum 00pa3oM, UMest B CBOEM PACIHOPSIKCHHH THPH,
MPUHAIIEKAIINE HAYAILHOMY OTPE3Ky psiia TPOUYHBIX
TUPb:

n
1r,3r,91,27r1,...,3",

MBI MOXXEM YpaBHOBECUTH JIIOOOW TIpy3, UYHCIOBOE

3HA4YCHHUC BCCA KOTOPOIro HE MPCBOCXOAUT BCIIMYMNHBI:
2(1+3+9+...+30= 2:(3"-1)3-1)=3"1-1.

OObIuHBIC BECHI, IPU HCIIOJIB30BAaHUH TOTO K€ TPOUY-
HOro Habopa THpPH, MO3BOJSIOT YPABHOBECHTH TPY3HI,
y KOTOPBIX 4YHCJIIOBOE 3HAYE€HHE BeCa HE IPEBOCXOAUT

(3"1-1)/2, 1.e. BABOE MeHbIIIEH BETMUHHBL.

3ameuanue. AHATOTUYHBIM O0pa30M MOXKHO JUIS
JTr000r0 HATypalabHOTO p, p > 1, yCTPOUTH p-WUHBIC Ya-
IIEYHBbIE CYIEP-BECHI, HJICaTbHO MPUCTIOCOOICHHBIC IS
(p+1)-UuHOI CUCTEMBI THPb.

VY Takux cynep-BeCOB OJHO IJIEYO B p pa3 JJIMHHEE
JIpYyroro M pas3fefieH0 Ha p PaBHBIX 4YacTeil, a B TOYKaX
pasfenieHrs TMPUKPEIUIEHBl COOTBETCTBYIOUIME  Yalllu.
Takum 00pa3om, y 3THUX cylep-BecoB Bcero p+1 daria.
WNwmes p-uunble cynep-BeCchl U ¢-UYHBIE CyNep-Bechbl, a
Takxke (p+1)-uunyto u (g+1)-UuHYIO0 CUCTEMBI TUPH, MOX-
HO C IOMOUIbIO HECJIOXKHOTO aJropuTMa MEePEeBOAUTH
(p+1)-nyHyr0 3amuch HATYpPaJbHOTO 4YHCIA HEMOCpE-
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CTBEHHO B (qt+l)-MuHyr0, HE UCHOIB3Ys [AECATUYHYIO
CUCTEMY Ha POMEKYTOYHOM JTarle.

3ameuanme. /11 TOro, 4TOOBI OCYIIECTBUTH MEPEBOJ
(p+1)-uuHOil 3amMcHU HATYpPaJbHOTO YHCIA HEMOCpe-
CTBEHHO B (g+1)-WuHyl0, HE HCIOJB3Ys NECATHUYHYIO
CHCTEMY Ha MPOMEXKYTOYHOM OJTare, MOKHO OOOWUTHCH
OJHUMH YAIICYHBIMH CYIEp-BECAMH, YCTPOSHHBIMHU ClIe-
nyromuM oopazoM. OtHomenue Li/L2 qiuHEI 1eBoro rmie-
Ya K JJIMHE MPaBOT0 JOJKHO PaBHATHCS P/, IEBOE TLJICUO
JOJKHO OBITh Pa3/iesIeHO Ha p PaBHBIX MPOMEXKYTKOB, a
MpaBoe — Ha ¢ TOYHO TAKUX XK€ MPOMEXYTKOB. Yarm Be-
COB JIOJDKHBI OBITh pa3MEIIEHBl BO BCEX MPOMEXYTOUHBIX
TOYKAX JEJICHUS KaXKIOro Tieda, a TaKKe M0 BHEITHHM
KpasM 3TUX mied. TakuM oOpa3om, BCEro JOKHO OBITh
pasmenieHo p+q dami. Kpome Toro, TpeOyroTcs aBa Habo-
pa rupb: (p+1)-uunbiii HaGOp u (g+1)-uunHbll HAOOP.
(OueBuaHO, 3HAUEHUS Beca TUpb B 000MX Habopax JOIK-
HbI OBITh BBIYHCIICHBI B OAHOW U TOW K€ CHCTEME Mep —
HampuMmep, B TrpaMmax Wi B kwiorpammax.) Ilycts
TEeNepb HaM 3a/laH0 HEKOTOpPOE HaTypajlbHOE YHCIIO
B (pt1)-cucreme. Habupaem 3T0O 4HMCIIO C MOMOIIBIO THPh
u3 (pt+1)-uanoro Habopa, paccTaBisisi MX IO COOTBET-
CTBYIOIIMM 4YaIlllaM Ha JICBOM IUiede. 3aTeM ypaBHOBEIIIH-
BacM BeEChl paccTaBisis TMpu U3 (g+1)-maHoro Habopa
0 yaliaM Ha TpaBoM Iuiede. B pesynbrare, O4eBHUIHO,
MOJyYUM  3alHCh HMCXOJHOTO HATYpPaJbHOTO  YHUCIA
B (¢+1)-n4uHOM cHCTEME CUUCIICHUS.
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AJNTOpUTM pPACCTAHOBKM THUPb HAa TPaBOM IuIeYE
(T.e. HA 9JTane ypaBHOBEIIMBAHUSA BECOB) HECIOXKEH MU
HallOMHHAET QJITOPUTM COCTAaBJICHUS 33/JaHHOTO HaTy-
paNbHOTO YKcTa U3 CTeneHel aABoiiku (cM. JlobaBnenue 1).

HaubGonpmmii ydyeOHBIM WHTEpec, Ha B3IJIAI aBTOpa,
MPEACTABISET HEMOCPEACTBEHHBIN MEepexo] OT TPOUYHOU
3amucy K JBOMYHOM (M, HA00OPOT, MEPEeXo] OT ABOMYHOM
3amucu — K TpoudHo#). Jlns 3Toil 1enu, Kak cieayeT u3
CKa3aHHOTO BBIIIE, HaM MOTPeOYIOTCS «IBOMYHBIE» 4Ya-
IIEYHbIE Cymep-Bechl (M. puc. 36), a TakkKe TPOUYHBIN U
JTBOWYHBIA HAOOpHI Tupbh. [IpuBeaemM mpocTEUIIUN TpH-
Mmep. IlycTs 3a1ano B TponyHoOM 3anucu yucio: 213). Pac-
CTaBJsIEM COOTBETCTBYIOLME TUPH Ha JIEBBIX YaIllax
(cm. puc. 37), a 3aTeM ypaBHOBEIIMBAEM BECHI, MOCIEIO-
BAaTEJIbHO CTaBs Ha MpaByl Yauly THPU W3 JBOMYHOIO
Habopa: 100) 10¢2), 12).

g g %

Puc. 37

B utore nosnyyaem UCKOMYIO ABOMYHYIO 3alKCh MpPE.-
JIO’)KEHHOTO YHUCIIA:

213 =111¢).
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§11. Cucrembl ypaBHeHH
HA YalleYHbIX Becax

Ilycts X u Y — HekoTOpble Tpy3bl; 0003HAYMM YEpE3
P(X) u P(Y) uncnoBbie 3HaueHus ux Beca. Hac Oyner mH-
TEpPECOBaTh pean3alysi Ha <«JIBOMYHBIX» YaIIEUHBIX CY-
Mep-Becax CHCTEMbl M3 JBYX YpPaBHEHUN OTHOCHUTEJIBHO
P(X), P(Y). PaccmorpuMm B KauyecTBe NmpuMepa IMPOCTYIO
CUTyallMI0, KOTJa MCIIOJIb3YETCsS NEPEeKHUIbIBAaHUE Ipy3a
yepe3 O50k; cMm. puc. 38. «Conb» 3amadyu HE CTOJIBKO
B TOM, YTOOBI COCTaBUTb M PEIIUTH IOJIyHAIOIIYIOCS CH-
CTEMY YpPaBHCHHI,

2P(X) — (P(Y) + P1) = P(X).
2P(X) + P(Y) = P2,
CKOJIBKO B ITPOBEPKE HANJICHHOTO PEIICHHUS
P(X) = (P1+ P2)/3,
P(Y) = (P2 - 2P1)/3

IIpY TOMOIIY B3BEILMBAHMS I'Py30B X U Y Ha CTaHAAPTHBIX
BECAX CO CTPEJIKOM.
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A L

byner nu 310 uHTEpecHO AeTsaM? OTBET aBTOPY HEU3-

BCCTCH.
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§12. Urpa «cynep-Becb»
(Bepcusi HTPBHI KKAMELIKHN)

PaccMoTpuMm cymep-Bechl, Y KOTOPBIX JIEBOE IJIEUO
B YETHIPE pasa AJTUHHEEe MPaBoOro, U chopMyiIupyem mpa-
BUJIA CJEAYIONIEeH Urpbl (IPEICTaBISAIONIeH co00i BEpCUIO
M3BECTHOM UTPBI «KaMEIIKW»; CM., Hampumep, [7]).

¥
P
0

Hrpa «cynep-Becbl». Ha npasoii uawie 6ecos (pacno-
JIOJICEHHOU HA KOpomKom niewe) cmoum eupsi gecom N e.
Hepaiom 060e; oHu no ouepedu cmassam no 0OHOU 2upe

gecom 6 1 2 Ha 0Oy u3 nesvix yaul (cm. puc. 39).
Buiuepvisaem mom, kmo ypasrosecum 6echi.

Ecnu 6 pezynbmame xo0a 00HO20 U3 USPOK08 jegoe
neyo 8eco8 ONnyCMumcs HUdCe npago2o (MUHys mem ca-
MbIM NOJIOJCEHUe PABHOBECUsL), MO MOM USPOK CHUMA-
emcsi npouspasuwiuM, a 6blUSPABUUM O00BABIAEMCS €20
napmmep.
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3aMeTHUM, YTO y ITOW BEPCUU UTPBI €CTh JBA NPEUMY-

LIECTBA IIepe KIaCCUYECKOM BEPCUEH.

1. B mporecce urpsl 1eMOHCTpUpYyeTCs AeicTBre ¢u-
3MUYECKHUX 3aKOHOB.

2. 3HaHME BBIUTPBIIIHON CTpATETUu JIETYE CKPBITh OT
COINEpPHUKA, U Urpa MOXKET (Ha B3IV aBTOpa) B TEUCHHE
0oJjiee JIUTEIHLHOTO BPEMEHH BBI3bIBATH UHTEPEC Y JAETEM.

3ameuanme. YCIOBHS UIPBl «CYINEP-BECHD» MOTYT
(opMyIHpPOBATHCS U HECKOJIBKO MO-Ipyromy. bynem cuu-
TaTh, YTO KAXKAOMY U3 YUaCTHHKOB jaeTcs 1o [N/2] ogHo-
IPaMMOBBIX THpb (KBaJpaTHbIE CKOOKM 00O3HAYaIOT Iie-
JAyl0 4acTb uwucia). Torma mMosiBiseTcss BO3MOXKHOCTh
OTIPENICNIUTh BEIMYMHY BBIMIPBINIA (JIOCTAIOLIETOCS TOMY,
KTO YPaBHOBECHJI BEChI) — KaK YHCJIO OCTABUIMXCS Yy 1mobe-

AUTCIIL HCUCIIOJIB30BAHHBIX THPb.

Knaccuveckasi Bepcusi MTPbl «KKaMelIKW». Mmeemcs
Kkyua, 8 komopou N xammueu. /[éoe no ouepedu bepym u3z
amou kyyu 1, 2 unu 4 xamus. Buiuepvieaem mom, kmo 6e-

pem nocieoOHUli KAMeHb.

Pemenne. B ciyuae, korga N nenurcs Ha 3, npu npa-
BUJIbHOU urpe BeiMrpsiBaeT He IlepBriii urpok (Hauwnna-
romuif), a Bropo#t urpok (ITpomomkarommii). OH Kaxablid
pa3 IOJKEH JOMOJIHATH YHMCIO KaMHEH, B3AThIX [lepBbiM,

IO YMCJIa, JeIsIerocs Ha 3.
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B cnyuae, xorga N He penutcs Ha 3, IpU IPaBUIbHON
urpe BoeiurpsiBaet Ilepsbiil. BHavane OH JOJKEH B3ATh U3
Kyud | uiam 2 KamHs, ¢ TaKHUM PacyeToM, YTOOBI YHCIIO
OCTaBIIMXCs B Kyde KaMHel nenuinoch Ha 3. Ilpu mocne-
OyoIKX Xxonax llepBblid JOMOJHSIET YKCIO KaMHEH, B3s-

TeIX BTOpBIM, 10 uKcia, aensmerocs Ha 3.

3ameuanue. KoHKpEeTHBIN BUJ CyNep-BECOB, UCIOIb-
3yeMBIX B HTPe, HE 0053aTENbHO JOMKEH ObITh TAKUM, KaK
Ha puc. 39. @akTU4eCKH, i1 UTPHI TOIATCS Ooliee-MeHee
naro0ble cymep-Bechl. Hampumep, Takue, kak Ha puc. 40
win 41. YUurarenro mpeanaraercs camOCTOSITENIFHO OIpe-
JIENIUTh B Cllydae TaKuX CYNep-BECOB COOTBETCTBYIOIIYIO
BBIMTPBIIITHYIO CTPATETHIO, 3aBUCAIIYIO OT N.

Ykazanue. Eciii B urpe HCNoOnb3yrTCs CyINep-BECHI,
n3o0paxkeHHsie Ha puc. 40, To B ciydae, korna N aenurcs
HALIEJIO Ha 5, BBIMTPBILIHAS CTpAaTerus uMeercs y Broporo
WrpoOKa, a B ciaydae, koraa N He Jenurcs Haueno Ha S, —
y Ilepsoro.

Ecnu e B Urpe MCIONB3YIOTCS CyIep-Bechl, U300pa-
KEHHbIE Ha puc. 41, To B citydae, korga N aeauTcs Hale-
J0 Ha 3, BBIUTPBIIIHAS CTpaTerus umeercs y Broporo wur-
poka, a B ciydae, korga N He nenurtcs Hauesno Ha 3, —
y Ilepsoro.
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Puc. 40

Puc. 41
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JlobaBienue 1.
Koe-uto0 0 1BOMYHOM cucTeMe [5]

1. AaropuTt™m nepeBojia 4ucia U3 IEeCATUYHON 3amucu
B p-MYHYIO XOopoio u3BecTeH. [lycth, Hanpumep, TpeOy-
€TCs 3aMncaTh B CEMEPUYHON CUCTEME JIECATUYHOE YUCIIO
a = 108. Cnauana nenum 108 ¢ ocratrkom Ha 7 W TOJy-
qaeMm:

108 = 15x7 + 3. (J1.1)

311eCh OCTAaTOK OT JIEJICHMS, T.€. YHCJIO 3, — 3TO U €CTh
nocnennss (Maamias) mudpa B 3aMCH HAIIETO YHCHA d
B ceMepuyHoil cucteme. Tenepb BO3bMEM B MpeAbIAYIIEH
(dhopMyIie HETOTHOE YacTHOE 15 U CHOBa MPUMEHUM Jiefie-
Hue Ha 7 ¢ octaTkoM. MmeeM:

15=2x7+1.

[Toacrasmnss aTo Beipakenue B (/1.1), momyuaem:
108 = (2x7 + 1)X7 +3,

OTKyJa
108 = 2x72 + 1x7 + 3.

B pesynbTare cemepuvHas 3aliuCch HAIIETO YHCIa UMe-
eT Bug 2137, T.¢c.

108 =213(7). (11.2)

65



Nrak, ynmoMsHyTBI aarOpUTM HECIIOKEH W, Ka3aloCh
Obl, HE MOXeET OBITh yIpolueH wiu yiydmeH. [Tomuepk-
HEM, YTO B 3TOM alroputMe HUQpsl p-U4HOM 3ammcu mo-
SBIISIIOTCS MO OYepeNd, HauumHas OT CaMoro MJIaJIIero
paspsiaa (pa3psga eIuHUI) U 3aKaHYuBas MUQPpPoil caMoro
cTapuiero paspsaa. VHBIME cllOBaMM, p-WU4YHAs 3alUCh
qHcia a MOCTENeHHO MUIIETCs chpasa Haneso. CylecTBy-
€T, OJIHAKO, COBEPILIEHHO HHOH crocod, Impu KOTOPOM

p-U4IHad 3alliCh IMOCTCTICHHO MUIICTCH clieed HAnpaeso.

2. Jlyuie Bcero mpenMyIiecTBa 3Toro BTOPOro Croco-
0a ynaercs mpoAEMOHCTPUPOBATH MPH MEPeXoae OT Jecs-
TUYHOM 3alMCH K IBOMYHOM. J[€710 B TOM, UTO B ABOMYHOM
CUCTeME KpoMe Hylsg (a Hylb — 3TO, B CYIIHOCTH, HE
CTOJBKO I pa, CKOJBKO 3HAYOK MPOMycKa pa3psaaa) uMme-
eTcsl Tobko onHa Iudpa — eqununa. [lonpobyem 3amu-
catb Tenepb uncio 108 B nBonuHoi cucteme. KoneuHo,
MOXHO OBLTO OBl BOCIIOJIB30BATHCSI TEM K€ aJTOPUTMOM,
YTO U B. 1. 1, HO 3TO OBLIO OBl HEPAITMOHAIILHO.

Bmecto 3TOro Mbl HMOCTYNHM CIEAYIOLIMM 00pa3oM.
Haunem BbIUCHIBaTH TOCIIEIOBATEIBHBIC CTEIICHU BOM-

KH:
1,2,4,8, 16, 32, 64. (a.3)

(3mech MBI OCTaHOBWJIMCh, TaK KaK ClEIyIomas
CTeneHb JBOWKH, 128, yxke Oonbllie, 4eM HaIle YHUCIIO
a=108.)
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Teneps cranem mocnenoBaTenbHO «HaOupaTh» 108 U3
crenenelt ([.3), HauMHas co CTapuIUX CTENEHEH U JABUTa-

SICb B CTOPOHY MUIQJIIIMX.
Nmeem:
64 <108,
64 +32=96 <108,

64 + 32 +16 — OGonbiie, yuem 108, moaTomy Gepem u3
psna creneneit (/[].3) B kauecTBe CIEAYIOMIETO ClIaraeMoro
8 (BMecTo 16):

64 +32+8=104 <108,

64 +32+8+4=108. (1.4)

Urak, nenp nocturnyra. Ilockonbky

64 =2° 32=2% 8=23 4=22
n3 (/1.4) momydaeM HMCKOMYIO ABOMYHYIO 3aIMCh 4HCIA
108:

108 = 11011002). 4.5)

3. Yr1Bep:xkaenune. Onucaunvlil 8 n. 2 npuem 6cecod
cpabamvigaem npu nepexooe om OeCAmMUuYHOU 3anuUcu
K 080UYHOILL.

DTO yTBEepXkIEHUE BOBCE HE OYEBUIHO U TpeOyeT crie-
MAILHOTO JT0Ka3aTenbcTBa. [IpoBegeM ero MeTogoM Ma-
TEMaTUYECKON HHIYKIIUH.
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Jloka3aTeabCTBO.

basa unoyxyuu. Ilycte a = 1. B 3TOM ciiydae cienas-
HOE YTBEPKJEHNUE OUYEBHIHO.

IIpeononoscenue unoykyuu. BribepeM mpou3BOIbHOE
¢ukcupoBaHHOe M W TPEANONOKHM, YTO CACITAHHOE
YTBEPIXK/ICHHE BEPHO Ui BCEX HATYpPAIbHBIX ¢, HE Tpe-
BOCXOAAIUX M.

Hlae unoykyuu. Jlokaxkem, onupasich Ha MPEIoI0Ke-
HHYE MHIYKUWH, YTO TOTJAa Hallle YTBEPXKICHUE BEPHO IIPU
a=M-+1.

[TycTh d — HauBbICIIas CTENEHBb JBOMKM TaKasi, 4To

29 < M+ 1; (11.6)
TakuM o0pazom,

240 > M. (4.7
Paccmorpum pazHocTh

O=M+1)-2¢

(He orpaHu4MBas OOIIHOCTH, MBI BCETa MOKEM CUHUTATh,
yto O > 0). OueBuHO, 4TO

O<M+1, (A.8)

MOATOMY B CHUJTy MPEAMNOJIOKEHHUSI MHIYKIMHA HATypaJbHOE
grcno () MOXKET OBITh MPEJCTABICHO B BUJIE CyMMEI CTETIe-
HEW JABOMKM MUMEHHO MpPHU MOMOIIM aJrOpUTMa, pacCMOT-
peHHOro BbIIe B M. 2. OHAKO 3TOrO €II€ HEIOCTATOYHO
71 Hammx 1eneid. HeoOxoauMo mokasarh, 4TO B JBOUYHOE
pasnokeHue uyucia () MOTYT BXOAWTH TOJIBKO CTENEHHU
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JIBOMKH € TIOKa3aTeJIIMA CTPOTO MEHBIIUMHU, 4eM d. [Ipex-
Jie BCEro, CTEMEeHU JBOWKHU C MOKa3aTeNsiMu > d B paslioxe-
Hue it Q He MoryT BxoauTh B cuiy ([.7) u (1.8).

[[anee, IIOKa>XXEM, 4YTO 2d TakK)K€ HC MOXKCT BXOAHUTH
B YIIOMSIHYTOC Pa3JIOKCHHC. HeﬁCTBHTeHBHO, MpCaIogao-
JKUM IMIPOTHBHOC, a UMCHHO, YTO

Q=27+ ...,
T.C.

(MA+1)-2¢ =20+
OTKyJa

M+1=2x29+ .,

YTO, OYEBUIHO, NpoTuBOpeunt Yyciouio ([.7). Tem
CaMbIM Hallle yTBEP)KICHHUE JOKa3aHO.

JlobaBieHue 2.
«IlepeneceHue ¢ MPOTUBOMOJIOKHBIM 3HAKOM))
THPHU HA JAPYIYI0 Yallly PAaBHONJIEYUX BECOB

ITycts G — rups, crosiiuas, HapuMep, Ha JEBOW yalie
YpaBHOBELIEHHBIX PABHOIUIEYMX BECOB (HA 3TOM warie
MOJXKET CTOSITh €Ille KaKkoil-To rpy3). CHUMEM Ternephb rupro
G c 1eBo#l yalm, BO3bMEM MAKYI0 dice MOYHO TUPIO, IIPU-
BSDKEM €€ C MOMOIBI0O HUTU K Ipy3y, CTOSALIEMY Ha Ipa-
BOI1 yallle, U MIEPEKUHEM €€ uepe3 OJIOK, PacloyIOKEHHBIN
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HaJ TpaBoil yamieid. B TakoMm «mepekruHyTOM yepe3 OJI0K»
noJjioxkeHuu Oynem 0003HauaTh ATy rupio yepes -G («Mu-
Hyc» G). Kak obocHoBaTh TOT dakt, uto, youpas rupto G
C JIEBOM 4Yalllu U MOMeEIlas «OTpULATeNbHyl0 Tupo» —G
HaJl IpaBOM 4Yalled, Mbl COXPAHIEM pPaBHOBECHE DaB-

HOILJIEYUX BECOB?

[ToguepkHeM, 4TO peub UaeT 00 000CHOBaHUM Ha (Pu-
3MYECKOM YPOBHE CTpPOrOoCTH (WJIM, €CIU YTOJHO, Ha
ypOBHE 31IpaBoro cmbicia). To, 4To Takoe 00OOCHOBaHHE
HeoOxoauMo, a caM (aKT HEOYCBHUJCH, BBISICHWIOCH
B Pa3roBOpE C YUTATEISIMHU MPEIbIIYIIEro M3JIaHUS dTOU
KHIKKH.

O6ocHOBaHME COCTOUT B cienyromeM. Mrak, Ha neBoi
qame BecoB cTouT Tupst G U emie Kakoi-To rpy3, Ha mpa-
BOHM yalle — TOXXKE€ HEKOTOphId Ipy3 (cM. puc. 42). Becsl
HAXOJATCS B paBHOBECHH. PaBHOBecHe COXpaHHTCS, €CIU
K 00eMM dYamam TPUIOKHUTh OJWHAKOBBIE CHJIBI, HAIPaB-
JICHHBIE BBEPX. DTO MOXKHO CHAENaTh C IOMOMIBIO JBYX
OJIMHAKOBBIX THPb —G, TIOMEIIEHHBIX HAJ| JICBOH U NPaBOi
yamamu. JleByto rupto —G npussbkeM k rupe G, a npaByro
rupio —G — K rpy3y, CTosIIeMy Ha rpaBoi yarie. Oueguo-
Ho, uto 00e Tupu G u —G MOXXHO yOparthb ¢ JIeBOIl yawy,
HE HApYUIMB PaBHOBECHS, IOCKOJBKY, OyIy4YH CBSI3aHBI
JpYT C IPyroM, OHH HE OKa3bIBAIOT HUKAKOTO JABJICHHS HA
yaimry. Ha 3ToM 000cHOBaHME 3aKaHUMBAETCS.
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Iep 2py3a Ha np HYIO
uauly pagHonIeUnx 6¢cos

'
e’ o0 1

Puc. 42

JlobaBieHue 3.
K Bonpocy 00 onpene/ieHM OTHOIIEHUS UIHH TJIeY
HEePaBHOILIEYHX BECOB

B §6 MBI yxke ompenensnu OTHOIIEHHE JUJIMH IUIEY
HEpaBHOILJICYUX BECOB, NMPUYEM JUIsI 3TOrO HaM MPUXOJ-
JOCh MPOU3BOAMTH JBa B3BelIMBaHUSA. OKa3bpIBaeTcs, UTO
MOXHO OOOWTHCH OJHHM B3BEIIMBAHHEM B CHCTEME,
MpecTaBisonIel co00i KOMOMHAIMIO IBYX OJAMHAKOBBIX
BECOB, CBSA3aHHBIX MEXIYy cO0O0i MpH MOMOIHM OJIoKa
(cm. puc. 43). Yucnoselie 3HaueHHs Beca rupb P1 u P2 cun-
TaeM U3BECTHBIMH.

HerpynHo noHsTh, 4TO yCIOBUE PABHOBECHS CUCTEMBI,
M300pakeHHOU Ha puc.43, IMeeT BU/I;

P>(L2 /Li)L2=PiL,,
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OTKYyJa BHOBb IIOJYy4Ya€M COOTHOIICHUC, BCTPCTUBIICCCIA

HaMm B §6:

Li/L2=(P2/ P1)'2, *)

Puc. 43

Jlo0aBienue 4.
JlaGopaTtopusi yane4YHbIX BECOB.
Bo3Mo:xHBIE THIIBI 32024

Ecan xomy-HUOY b IPUAET B TOJIOBY CO3/1aTh jJabopa-
TOPUIO YalIeYHBIX BECOB, TO BOT THIIBI (PHU3HKO-
MaTeMaTUYECKUX 3a/1a4, KOTOPHIMH MOXHO OBUIO ObI Tam
3aHUMAaThCA.

1. DkcniepuMeHTaNbHOE TOATBEPKICHHE apupMeTHye-
CKHX 3aKOHOB JJI OIEpaluil CIOXKEHHs, BBIYUTAHMS,

YMHOKCHHA U ACTICHUSA.

72



2. CocTaBieHUe ypaBHEHUM, UCXOJs U3 PaBHOBECHUS
BECOB, HAa KOTOPBIX Pa3MEIEHbl TUPU U TPy3 HEU3BECTHO-

T'0 BECa. Cnyqan PABHOIUICYUX U HCPABHOIICYUX BECOB.

3. Pasmemenue rpy30B U I'Upb Ha BECaX B COOTBCT-
CTBHUU C 3aJaHHBIM YPABHCHHUCM.

4. [lonOop MMHHMMAaJIBHOIO KOJMYECTBA THPb, C IOMO-
IIbI0 KOTOPBIX MOKHO YPaBHOBECUTh HAa HEPAaBHOIUIEUUX

BE€Cax HCCKOJIBKO I'Py30B U3BECCTHOI'O BECA.

5. Pazmenienue Ha Becax HECKOJIBKHX I'PY30B M3BECT-
HOT'O Beca TaKUM 00pa3oM, YTOOBI OBIJIO TOCTUTHYTO paB-

HOBECHUC. Cnyqan PaBHOILICYUX U HCPABHOIIJIICUUX BECOB.

6. Haxoxxnenne ¢GhaabIIuBOii MOHETHI, BEC KOTOPOM OT-
JUYaeTcsl OT Beca HAcTosmMX MoHeT. Ciydyau paBHOILIE-
YUX U HEPABHOILJICYMX BECOB.

7. B3pemnBaHue rpy3a Ha HEpaBHOIUIEYMX Becax IpHU
MOMOIIM «JBOUYHOW» CHCTEMBI TUPb. HaxoxaeHue airo-

pUTMA TAKOT'O B3BCIIMBAHUAA.

8. BpluncieHne CpeJHEro reOMeTpUYecKoro JIByX 4u-
CCJI MIpHU IOMOIIM HCPABHOIIICYUX BCCOB H BECOB CO
CTPEIKOM.

9. DKCepuMEHTaIbHOE TMOJTBEPKICHUE HEPABEHCTBA
MEX1y CPEIHUM T'€OMETPUUYECKUM JBYX YUCEN U UX Cpel-
HUM apu(METUYECKUM IpU TMOMOIIM YalIeYHbIX BECOB
(paBHOIUTIEUNX W HEPABHOILJICYHX ).
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10. DKkcriepuMEHTANBHOE CpPaBHEHHE BO3MOXHOCTEN
OOBIYHBIX M «JIBOMYHBIX» YAIlICYHBIX BECOB IMPHU HCIIOJIb-

30BaHUH PA3JIMYHBIX HAOOPOB TUPb.

11 TpouuHnas cuctema rupb, €€ BO3MOXKHOCTU B CITy-
yae paBHOIUIEYHX BecoB (3anaya baie).

12. «/IBoruHbIe» 4YallleyHblEe CyNep-BEChl U TPOUYHAs

CUCTEMa TUpb.

13. IlepeBoa p-M4HOM 3alIUCH B -UYHYIO IIPU TOMOLIA
COOTBETCTBYIOIIUX CyIep-BECOB U cucTeM rupb. Kaapar-

HbIE YPAaBHEHHS Ha YalllEYHBIX Cylep-Becax.
14. Urpa «cymnep-Bechb» (B pa3iIHNUHbIX BEPCHSIX).

Hy>xHa nu Takas naboparopusi? OTBET Ha 3TOT BOIIPOC
3aBUCUT OT TOT'O, CYHICCTBYCT JIM Y IIKOJbHHUKOB 00BEK-
TUBHasl NOTPEOHOCTh B OOHAPYKEHUU CBSI3U MaTeMaTHye-

CKUX GOpMYJI C pe3ysIbTaTaMu PEIMETHBIX JICHCTBUH.

JlobaBJienue 5.
JesieHHe «HA paBHbIE YACTID) H IO COIEPKAHUION»

OpHMM U3 CaMBIX KPaCHBBIX U HEOUEBUIHBIX Pa3/ieoB
HAaYaJIlbHOTO Kypca apu(METUKU SBISETCS YHUCIEHHOE
COBMAJICHUE PE3yJIbTATOB JCIICHUSI «HA PABHBIC YACTH» H
«I0 COJCPXKAHUIO», HaKE €CIM pedb HIET O JCICHHUH
C OCTaTKOM; CM. B 3TOM CBs3H [8].
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[IpuBenemM /10Ka3aTENBCTBO 3TOTO  3aMEYaTENILHOTO
¢akTa Ha mpumepe (TMEpeHoC T0Ka3aTeabCTBA HA OOIIUI
cllydail He IpeCTaBIIsIeT TPYAa).

Wrak, mycTh y HAC UMEETCS MHOKECTBO A, COCTOsIIIIEE
n3 19 371eMeHTOB, TOJIOKEHHBIX B MEIIOK (CM. puc. 44).
Pazgenum ero Ha 5 paBHBIX yacTeld (C OCTaTKOM).
s sroro OyaemM Mo odepear pacKIaJbIBaTh AJIEMEHTHI
Hallero MHOXECTBa A MO MATH Pa3IMYHBIM SIIMKaM
(cm. puc. 44). B kakoil-TO MOMEHT MbI BUAMM, YTO dJe-
MEHTOB HE XBaTaeT, YTOObI 3alOTHUTH BCE SIIIUKH MOPOB-
HY, «JIHIIHUE» 3JIEMEHTHI TPYNIUPYEeM U 00pa3zyeM U3 HUX
«octaroyHoe MHoxkecTBO» R. UucnenHocts r = 4 31010
MHOXECTBA Mbl HA30BEM OCMAmMKOM OT JieJieHus uucina 19

Ha IIATb PaBHbIX qacTeu.

YKCIeHHOCTh ( MHOKECTBA, 00pa30BaBIIECTOCS B JIFO-
O00M U3 SANIMKOB (Hampumep, MHoxecTBa (Q B IMEpPBOM
SIILUKE), HA30BEM HENOJHbIM YACMHbIM OT JCJIEHUs YHcia
19 Ha nATH paBHBIX YaCTEN; KaK BUJIHO U3 puc. 44, q = 3.

[MomuepkHeM BakHOE OOCTOSATEILCTBO, KOTOPOE HHO-
IJla OCTaeTCs HEeIOOICHEHHBIM. Byem mis onpeneneHHo-
CTH CYMTaTh, YTO MHOXECTBO A COCTOUT M3 MaTepHallb-
HBIX OOBEKTOB (YTO 0COOEHHO Yya00HO mpu paboTe
¢ neteMu). Toeda npu deneHuu Ha pasHvle Yacmu npupood
HENoIHO20 YACMHO20 ¢ U NPUpoOa OCMAmKd r — OOHA U
ma ogice; peuv uoem o yucienHocmsax muoocecme Q u R,
MAKICe COCMOSUUX U3 MAMEPUATLHBIX 0OBEKMOS.
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Puc. 44

[lepeitnem Teneppr K OEIEHUIO «IO COACPKAHUION.
CHoBa pacCMOTpPUM BCE TO K€ MHOXKECTBO A, 3JIEMEHTHI
KOTOpPOTO Mbl BBIHYJIM U3 SIIIMKOB M MOJOXKWIA HA TPEXK-
HEEe MECTO B MENIOK (CM. JIeByI0 4dacThb puc. 44). bynem
JeMUTh Terephb 19 mo 5 (HecKoabKO pa3 OTACNIATh OT MHO-
)ecTBa A mo ATk 35eMeHToB). Kak pacnonarath yaanse-
MbI€ U3 MEIlIKa 3JIEMEHThl — HE UMEET HUKAKOr0 3HaYEHUSI.
BaxxHo nuib To, CKOJIBKO pa3 Mbl CMOKEM MPOJENATh 3Ty
MPOLEAYPY U CKOJBKO IEMEHTOB OKAXKYTCS <JTUIIHUMUY.
Bynem mostoMy pacrmonarath ypaansieMble MATEPKU die-
MEHTOB TaK, KaK MOKa3aHO Ha puc. 44, rae yaaiasieMble msi-
TEPKU 3JIEMEHTOB OOBEICHbI OBaJlaMU. YHCIO LEIMKOM
yAaJEHHBIX MATEPOK HA3BIBAIOT HENONHbIM YACTIHLIM OM
Oelenus no 5, OHO, OYEBHUIHO, OKA3bIBAETCS PaBHBIM He-
MOJTHOMY YaCTHOMY OT JIeJICHHUS Ha 5 paBHBIX 4yacTel (I1o-
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CKOJIBKY YMCJIO 3JIEMEHTOB B KaXJOH CTpoke 00pa3oBaB-
mielcss MPSAMOYTOJbHON TaOMUIl HEU30EKHO JOIHKHO
OBITH PAaBHO YMCITY CTOJOLOB). UHCIIO «IHMITHUXY 3JIEMEH-
TOB, KOTOPBIX OKa3aJOCh CIHUIIKOM Maylo, YTOObl 00pa3o-
BaTb U3 HUX IISITEPKY, HA30BEM OCMAMKOM NpU OeleHuu

noS.

To, 4yTO OcTaTKM MpH NEJICHUW HA 5 W NpH JICJICHUU
M0 5 OKa3bIBAalOTCS PaBHBI MEXAY COOOM, BBITEKAET U3
CIIEYIOIIETO MPOCTOro cooOpaskeHus. YUCIo 31eMEeHTOB
B IPSAMOYTOJILHOI Tabnuiie oka3piBaeTcs (Kak Mbl BUIEIH
BBIIIIE) OJJHUM M TeM e npu obeux mporenypax. Cremno-
BaTEJNbHO, U YHUCIO «IHMITHUX» 3JEMEHTOB Takxke Oyaer
MpH 00eHX MPOoIeaypax OJUHAKOBO.

3ameuanme. [loduepkHem BAJCHYIO OCOOEHHOCHDb
npoyedypuvl OeleHuss «no COOEePHCAHUIO)» — NPUpood He-
NOIHO20 YACMHO20 U NPUPOOd OCMAMKA OKA3bIBAIOMCS
PA3IUYHBIMU.

JICHCTBUTENIBHO, HEIOJHOE YAaCTHOE IpU JACIICHUU
«I10» — 3TO YMCJIO OCYIIECTBIEHHBIX ACUCTBUH («UHUCIIO
pa3»), a OCTaTOK — YMCIEHHOCTh MAaTE€pPHAIbLHOTO MHOXKeE-

CTBa.

Bo3MOXHO, 4YTO UMEHHO 3TO OOCTOSTENHCTBO JENIaeT
MPOLEAYPY AETCHUS «I0» MEHee yMOTpPeOUTEIbHOH, YeM
JICJICHUE «HaY.
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Celiuyac Mbl YBHJIUM, KaKyl0 POJIb UIPAET TOJIBKO UYTO
YIOMSHYTO€ OOCTOSITENILCTBO MPU MOJEIMPOBAHUU 3aKO-
HOB apu(METUKH HATYpPAITbHBIX YUCENI C TIOMOIIBIO JIeH-
CTBHH HaJ OTpe3KaMH. 3aMETUM, MIPEXJIe BCETO, YTO CJIO-
KCHHE HATYpaJbHBIX YHCEIN, BHIUUTAHUE W YMHOXXCHHUE
(moHMMaemMoe KaK KpaTHOE CII0KCHHE) MOJCITHPYIOTCS
MIPH TIOMOIIY ICHCTBHIA HAJl OTPE3KaMH HJICAITBHO.

Uto KacaeTcs onepanuu ACJICHUs, TO 31€Ch BOZHUKAET
HeKkoTopas mpooOsiema. Ecam Mbl X0THM, Hampumep, Mmpo-
WUTIOCTPUPOBATH JICJICHUE C OCTATKOM, TO, B35IB OTPE30K
minHol 19 ¢M M moAeNnMB €ro Ha 5 yacTed OIUHAKOBOH
JUTMHBI, MBI TIOJTYYUM BOBCE HE TO, YTO HaM TpeOyeTcs — a
MMEHHO, HENpaBWIbHYIO po0b 19/5 B kauecTBe OTBeTa.
OnHako TakoM OTBET HaM HE MOJXOJHT, KOTJa MbI TOJIbKO
OCBaMBAEMCs C HATYypaJTbHBIMU YHUCIIAMU M HE XOTHUM OTIe-
pupoBaTh ¢ Ipo0sSMU (HEBaXKHO — MPaBUJILHBIMU WM He-
MPaBUIILHBIMHU ).

Ocraercss €IWHCTBEHHBIA BBIXOJ — MOJICIUPOBATH
OTICPAIMIO JCJICHHUS] C OCTAaTKOM TIPHU TOMOIIM JICJICHUS
«TI0 COACPIKAHUION.

Urak, 6epem otpezok AB miunoit 19 cm, mepky aiu-
Hbl 5 CM M HAUMHAEM OTKJIAJbIBATh €€ BI0Jb OoTpe3ka AB.
Mepka ynoxkuiach IEIUKOM TPH pas3a; TeM CaMbIM, He-
MOJTHOE 4yacTHOe paBHO 3. UTo Kacaercs ocTaTka, TO OH
paBeH 4 — YHMCIEHHOMY 3HAYEHUIO U3MEPEHHOW B CaHTH-
MeTpax JuinHbI oTpe3ka CB (cM. puc. 45).
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MepKa

Puc. 45

MatemaTnuecku Bce BEPHO, HO C TOUKH 3PEHUSI HOHU-
Mawuusi CMbICIa IEUCTBUS «EJIEHUE C OCTaTKOM) Ha TaKou
MOJIENH, J1eJ10 OOCTOUT HECKOJIbKO cioxHee. HemomHoe
YaCTHOE M OCTAaTOK MMEIOT B HEKOTOPOM CMBICIIE Pa3HYIO
npupony! HenonHoe yacTHOE — 3TO yucio ocyujecmenen-
HbIX Oeticmauli, a OCTATOK — YUCTeHHOe 3HAYeHUe ONUHbL.

Mo0:KHO, KOHEUHO, CKa3aTb, YTO OCTAaTOK — 3TO TOXKE
pasvl (CKOJIBKO pa3 ykiaabiBaeTcs B oTpe3ke CB yxe He
MEpKa, a €JUHMIA JUIMHBI — caHTUMETp). IIpu stom s
JOCTIDKEHUSI TIOJIHOM SCHOCTH TpeOyeTcsl MBICICHHO
NPEeACTaBUTh cebe, YTO Ha Hu3MepsieMblii oTpe3ok AB

HaHCCCHBI CAHTUMCETPOBBIC ACJICHUS.

Wtak, Bce dyeTbipe apu(PMETHUECKUX ACUCTBUS HaJ
HATypaJbHBIMU YHCIAMU MOTYT OBITH YCIEIIHO pearn3o-
BaHbl B MOJIETIM, OMEPUPYIOLIEH C OTpe3KaMH LEeI0YHC-
neHHOW IuHbL. OJHAKO Oomepalus IeJICHHs IPU 3TOM pe-
anu3yeTcs HENPUBBIYHBIM CIOCOOOM, HE CIHUIIKOM
yAOOHBIM JJIs1 BOCTIPUSITHUSI.
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JlobaByieHue 6.
JleJieHHe C OCTATKOM Ha Cynep-yalledHbIX Becax

B stom Jlo6aBnenuu Oyner (Ha 4aCTHOM IIpUMEpE) U3-
JIOKEH eIle OJWH IMOAXOJ K HHTEPIPETAIUU JCIICHUS C
octatkoM. B moco6uu [1] yieneHo HeIOCTaTOYHO BHUMA-
HUS JCIICHUIO, W 37eCh OyJeT BOCIIOJHEH YIOMSHYTHIHI
mpooert.

Wrak, Ha puc. 46 nzobpakeHa CyThb Jela; MEepexon
K 00IIeMy cIy4yaro He COCTaBIISIET TPY/a.

[eneHue c ocmamkom Ha 7

s| f
~ -
L . S 7
b ‘/-'.-r ‘ 23:7=3(ocm2)
Puc. 46

[TosicHuM paBeHCTBO
23:7=3(ocT2),

IIOMCIICHHOC Ha PHC. 46. Oto0 PAaBCHCTBO 3KBUBAJICHTHO
TOMY, 4YTO

23 =3%7+2.
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B cooTrBeTcTBUM C 3aKOHOM pblYara, IOCJIEIHEE COOT-
HOILIEHUE O3HA4aeT, 4yTO Ipy3 BecoM 23 Kr, NaBAIUN Ha
JEBOE IIIEYO JIMHBI | 1M, ypaBHOBELIMBAETCS IPY30M
B 3Kr, JaBAIIMM Ha MpaBo€ IUIEUO UIMHOW B 7 IM H Tpy-
30M B 2 KT, TaK)K€ JaBALIMM Ha IPABOE IJIEY0, HO HE B €T0
KpaiiHell IpaBoOM TOYKE, a HA PACCTOSIHUM 1 OM OT TOYKH
ornopsl. (KoHKpeTHBIH BEIOOp €AMHUI] U3MEPEHHUS JITUHBI U
Beca 3/1€Ch, OYEBUIHO, HE UTPAET POJIL. )

C momo1ipio cynep-BecoB, U300paKEHHBIX Ha puc. 46
(M aHANOTUYHBIX MM), MOXHO HJUTIOCTPUPOBATH IMOBEe-
HUE OCTAaTKOB OT JEJICHUS TMpPH CIOKEHUU U BBIYUTAHHUH
HaTypalbHBIX YUCEI; CM., Harpumep, puc. 47 u 47a.

=
23=3*7+2
9=1%7+2
23 2
T (o —y
'] '] Il o -
L] L L J
L ) )

. Yucna 23 u 9 darom 0OuUHAKOBble OCMAamMKU Npu deAeHuU Ha 7

Puc. 47
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23=3*7+2
9=1*7+2

Puc. 47a

BaxxHOo, 4TO ©IIpU TakoW MHTEpIPETALUU JEJICHUs
C OCTaTKOM M HEIOJHOE YAaCTHOE, U OCTATOK OKa3bIBAIOTCS
MaTeMaTHYeCKUMH OOBEKTaMH OOIeld MPHUPOABI — 3TO
YHUCJICHHBIE 3HAYEHUs BECa MaTEpHAIBHBIX IIPEIMETOB.
K Tomy e, ecau 3T MaTepuaibHble IPEIMETHI — TUPH, TO
Ha HUX HaHECEHbl MHTEPECYIOIINE HAC 3HAUEHUS MX Beca,
KOTOpBIE MBI U YBHJIUM IIPH 3aBEPLICHUHU OIbITa. B utore,
C ydeToM MaTepuana, uMerwuerocsa B [l1], Bce yeTbIpe
apu(pMeTHYECKUX JeHCTBUA yIaeTcsi MOJHOCTBIO CMoJie-

JTUPOBATH Ha (Cymep-) YallleuHbIX BECax.

KCTaTI/I, 340HO K IBYM HUMCHOIIHUMCHA (I)I/I3I/ILICCKI/IM MO-
ACIBIM ACJIICHUA C OCTaTKOM («Ha PAaBHBIC 9aCTHU» H «IIO
CO,I[ep)I(aHI/IIO») HpI/I6aBI/IJ'IaCL ClIe OJHa — «Ha CYICp-
YHallC4YHbIX BECax».

3ameuanme. IlomuepkHeM uHTEpecHOE OOCTOSITENb-
CTBO, BO3HHUKAIONIEE MPH paboTe ¢ cynep-yalieYHbIMH Be-
camu. CripaBesINBO CIIeyIolee
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YrBep:xknenue. Eciu y Hac umeromes 08e napvl 00u-
HAKOBLIX U HAXOOAWUXCS 6 PABHOBECUU CYNep-6eCO8
(cm. puc. 48a),

Puc. 48a

Mo pasHogecue COXPAHUMCsl, eClu Mbl NepeHecem 2py3vl
C OOHUX Cynep-6ecos8 Ha Opyaue, Kaxcovlil Uz epy306 nepe-
Mewas Ha Hauly moeo dce mund, Ha KOMopou OH HAXO-
ouncs npescoe (cm. puc. 486).

vin [2\_a\

L L 7L

Puc. 486

(Takass mpouenypa, cCOXpaHsOIlas paBHOBECHE CyIep-
BECOB, HATIOMUHAET NOPA3PATHOE CIOKEHHE YHCEN. )
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Joka3aTenbcTBO. [[eliCTBUTEIILHO, PABHOBECUE BEPX-
HUX CyNep-BECOB Ha puc.48a, OYEBUIHO, PABHOCHIIBHO
TOMY, YTO BBITIOJTHAETCS PABEHCTBO

a=7q+r, *)

a paBHOBECHE HMXHHMX CYIIEpP-BECOB Ha TOM K€ PHCYHKE
PaBHOCHUJIILHO TOMY, YTO

a’ =7q +r’. (**)

CkunagpiBasi paBeHcTBa (*) u (**), momydaeM COOTHO-
LIeHHe

ata =7(q+q)+(r+r)

10 3aKOHY pblyara oOecreyuBaroliee paBHOBECHE CyIep-

BecoB Ha puc. 480.

HeTpynHO MOHATH, YTO OTHOLICHHE JUIUH IUIeY (paB-
Hoe 7 Ha puc 48a u 4806) Moryio ObITh TFOOBIM. TeM cambIM
Hallle YTBEP)KICHUE I0Ka3aHO B O0IIEM cliydae.

JlobaBsienue 7.
Ci10:keHNe ¥ BBIYMTAHME CTOJOMKOM HA cCylep-
YyalleyHbIX Becax

OOBIUHBIC ANTOPUTMBI CIOKCHHSI U BBIYATAHHS CTOJ-
OHMKOM JIETKO pealn3yIoTCsl Ha CyIep-Becax, €Clii OrpaHu-
YUTHCS CITy4aeM IBOMYHON CHCTEMBI.

CyTtb nena uzobpaxena Ha puc. 49 u puc. 50.
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B deouuHoii cucmeme: 110 + 111 = 1101 (6+7=13)

Puc. 49. [lBonyHOE CnoxKeHne «CTONOUKOM» Ha cynep-Becax

o F
. * * 4L . 2L L ‘ [

T.. . . T.

8L 4L ZLL‘L

8L

—=
—
=

T

8L 4L FAY !
B deouyHoli cucmeme: 1110-111=111 (14-7=7)

Puc. 50. [lBonyHOE Bbl4MTAHUE KCTONOMKOM» Ha cynep-Becax
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3aMeTuM, YTO €clii B OOLIEHPUHSATHIX MOJENAX «3a-
HATH» W3 HYJSl €IUHUI] CTapIIero paspsiza HEBO3MOKHO,
TO Ha Cymep-Becax Takoe JeWCTBUE, B MPUHIUIE, OCYIIle-
CTBUMO (C TOMOUIbIO TUPH MEPEKUHYTOH dYepe3 OIOK U
TSIHYIIIE TUIEYO BECOB BEpX).

JIBonyHas cucteMa HamboJsee yao0Ha JJIsl peaanu3ainu
BBILICYTOMSIHYTHIX QJITOPUTMOB; B CIIydae MO3UIIHOHHBIX
CHCTEM C OCHOBaHHEM, OOJIBIIMM JBYX, COOTBETCTBYIO-
IIMe CYIMEP-BEChl OKAXYTCS, BEPOSATHO, CIHUIIKOM TIpPO-
MO3/IKMMH JJIS1 IPAKTHYECKOTO YIOTPEOICHHS.

JlobaBsienue 8.
BaxkHeiinue cBoiicTBA JIeJIEeHUSI HAIEJIO
(1eMoHCTpanMs HA YalIEeYHBIX Becax)

1. Haunem ¢ oOpaTHOCTH AeNIEHUS K YMHOKEHUIO.

Ham Hy»XHO mpOJeMOHCTPUPOBATH C MOMOLIBIO IPy-
30B (TUPB) BBHITIOJIHEHHUE CIICTYIONIUX ABYX YHCIOBBIX CO-
OTHOIIIEHHN:

(a:n)'n=a (*)

(a'n):n = a, (**)
rae a, b, n — HaTypanbHble 4ucaa. (3aech U Janee Bce
orepainuu JeJIeHUs NPenoaraloTcs ocyleCTBUMbIMU Ha
MHOXECTBE HaTypalibHBIX uncesn.) O0a 3TH COOTHOILICHUS
(hakTUYECKU OYEBHUIHBI, U JUIS UX JI0Ka3aTeIbCTBA Yallley-
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HbIE BeChl He TpeOyrorcs. JleHCTBUTENBHO, 00OCHYEM,
HarpuMmep, paBeHcTBO (*). bepem rpy3, yncieHHOe 3HaYe-
HUE Beca KOTOPOro paBHO @. MBICIEHHO JENUM €ro Ha
1 OAMHAKOBBIX IO BeCy 4acTel. 3aTeM KaKylo-TO OJHY U3
ATUX YacTel moBTopsieM n pa3. O4eBUAHO, YTO B PE3yJib-
TaTe [OJIy4YHUM CHOBA I'Py3 Beca da.

AHanornyHo 000CHOBBIBACTCS COOTHOIICHHE (**).

Tem He MeHee, HEPAaBHOIUICUME YAlICYHBIC BECHI
MO>KHO BCE€ JK€ HCIIOJIb30BaTh MJIsl JEMOHCTpPAIMU CIIpa-
BeqyBoCTH (*) m (**) Ha OAHOM WJIM HECKOJBKUX KOH-

KpPETHBIX IIPUMEpax.

[IpoBeneM Takyro IEMOHCTpAIUIO AJs ciydas n = 7,

cM. puc. 51.
SrZa (a:7)*7=a
n ] 1 ']
7L Tl L
7a
) (a*7):7=a
i)
L/7 L/7 L
Puc. 51
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2. E1te 0HO Ba)KHOE CBOMCTBO JIEJIEHMSI BBIPAKAECTCS
bopmymoi

(a:m):n = (a:n):m.

B xHmxkke [1] yxe OblIO paccka3aHo, Kak 3TO CBOii-
CTBO MO>XHO MPOJIEMOHCTPUPOBATH C MOMOILBIO JBYX Hap
HEPaBHOILJIEYHUX BECOB, OOBIUHBIX (PaBHOIUIEYUX) BECOB U
celnydero matepuania. Ilpu atom Tpedyercst npoBecTu He-

CKOJILKO B3BEIIMBaHUU.

Ha puc. 52 BuaHO, KaK CIpaBeyIMBOCTb 3TOIO CBOMi-
CTBa MOXKHO IIOATBEPIUTH C IIOMOIIBIO OJHOM Maphl
HEPaBHOIUIEYUX BECOB 3a OQHO B3BelmMBaHue. IIpu sTowm,
OJTHAKO, JUISI TOTO, YTOOBI YJIOKUTHCSI B OJHO B3BEIINBA-

HUC, TpCGYIOTCSI CIICIUAJIBHO IMOATOTOBJIICHHBIC THUPH.

N
| (a:3):7 = (a:7):3
—— )
a ke .
L/7 L/3
Puc. 52
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3. AnanoruuHeIM 00pazoM, Ha MpHUMEpPax MOXKET
OBITh MPOJIEMOHCTPUPOBAHA CIPABEAIMBOCTh COOTHOIIIE-
HUS

(a:m)'n = (a'n):m

(cwm. puc. 53).
' mYmYRYEaYe
(a:3)*5 = (a*5):3 é—&'&'&ﬂa—l}
|
5L ‘L/B

Puc. 53

3ameuanue. JleiicTBys moJo0HBIM 00pa3oM, HETPY-
HO TaK)Xe Ha MpHMEepax MOATBEPIUTh C IOMOIIBIO HepaB-
HOIUICYMX BECOB TUCTPUOYTHBHOCTb CHpA6a ONEPAIUH
JIeTICHUsI OTHOCHTENBHO CJOXCHUS W BBIYUTAHHS, T.C.
CIIPaBeTMBOCTH (POPMYIT:

an+bn=(a+b)n,

an—b:n=(a—>b):n.

Ha puc. 54 u300pakeHbl CXeMbI COOTBETCTBYIOIIHNX

OIIBITOB.
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a:3+b:3=(a+b):3

a:3-b:3=(a-b):3

Puc. 54
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JlobaBiieHue 9.
O pemieHuM JMHEHHBIX YPABHEHM B LEJbIX YHCJIAX
Ha cymnep-Becax

ANTOpUTM pelIeHMs JIMHEWHBIX YpPaBHEHUM B LIEIBIX
YHClIaX XOPOIIO U3BECTEH, €r0 MOKHO HAMTH, HAaIpUMED,
B kHure B. Cepnunckoro «O pelieHun ypaBHEHUH B Iie-
aeix yuciax» (M., 1961).

3IIGCB MbI JIMIIb YKaXXEM Ha BO3MOXKHOCTH 3BpPUCTHU-

YECKOI'0 ITOMCKA TAKUX PELICHUN Ha BeCax; CM. pUC. 55.

3adaya. YpasHosecumb cynep-eecsi ¢ IOMOU{biO
mpex yenouucaeHHbIX 2upb

1=7x-5y+2z

L ‘ 2L 7L

Puc. 55a

1=15x+10y- 6z

L ‘ 6L 10L 151

Puc. 556
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HetpyaHo mpencraBuTh cebe, 4TO TaKOW IBpHCTHYE-
CKMIM TOMCK (C 3alpeToM Ha MPOBEJICHUE MUCbMEHHBIX
BBIYHCIICHUI) MOXKET OBITH TIOJIO’KEH B OCHOBY MaTeMaTH-
YECKOM WUTPhI JUIsl IIKOJBHUKOB. (JlocTaToOuHO MMETH JiBa

OAWHAKOBBIX 9K3CMIISIPA TAKUX BCCOB U TaﬁMep.)

JlooaBinenue 10.
3agaum 0 KopoJie U MPUABOPHOM MyJApene

31ech Mbl PAaCCMOTPUM HECKOJIBKO BEpPCHH OJHOM 3a-
MeYaTeJIbHOM 3aJauu, npejoxkeHHo Muxawminom EBno-
KHUMOBBIM

https://www.youtube.com/watch?v=ZwanJP5x5el

3apaua 1. B mexomopom Kkoponeecmee 6ce cooep-
JHcUMoe 20CyOapCmeeH Ol Ka3Hbl NOMewjaiocb 8 mpex
mewkax. B xasxcoom mewke ovino posno no 100 3010muix
MOHem, npuyem 8 0OHOM Meuike 8ce MOHembvl 8eCUuiu no
10 2, 6 Opyeom mewxe —no 11 2, ¢ mpemvem —no 12 2. Ilo
BHeuHeMy 8UQY 8ce MOHembl DbLIU HEOMAUUUMBL OpYe OMm
opyea, a HA MewlKkax He Obl10 HANUCAHO, KaKue UMEHHO
MoHemul 8 Hux Haxooamcs. Koponw, scenas nposepumo
CNOCOOHOCMU C80€20 NPUOBOPHO20 MyOpeyd, YKa3a Cy-
YAUHBLIM 00PA30OM HA KAKOU-MO U3 dMUX MEWKo8 U eenel
Myopeyy onpeoenums MOYHbIU BeC COOePHCAUUXC MaAM
MOHem npu NOMOWU 00HO20-eOUHCMBEHHO20 636eUllBa-
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HUsL HA yYauleyHvlx eecax 6e3z eupv. (B cnyuae meyoauu
Myopeyy yepodHcano yeovHenue ¢ 0oaxcHocmu.) Kaxum
0bpazom myopey cnpasuics ¢ 3aoaye?

3ameuanue. B ucxomgHoii dopmynupoBke, HMpUHAI-
nexamed M. EBIOKMMOBY, peub L1a O CEMHM MEIIKax U
JIBYX B3BEIIMBAHUSAX (Beca CEMH MOHET M3 Pa3HbIX MeEI-
KOB 00pa30BbIBaK (hparMeHT apudMETHYECKON Mporpec-
CHUN).

Pemenune. Bo3pbMeM U3 KaXKaoro Memka II0 OJHOU
MOHETE U MOJIOKUM BCE TPU B3SThIE MOHETHI Ha JIEBYIO
Yanry BECOB. 3aT€M BO3bMEM M3 HUCIIBITYEMOT0 MEIKa TPU

MOHCTBI U ITOJIOKUM HX Ha IMPaBYIO Yally.

Ecnmn Bechl OkaxxyTCsi B paBHOBECHM, TO MOHETHI U3
HCIIBITYyeMOro Melika BecsaT 11 r, ecnu mepeBecUT jeBas

yama — 1o 10 r, a ecnu nepeBecut npasas yama — 1o 12 1.

[TpuBenem Tenepb (pakTHUECKH Ty K€ 3ajady, HO B
HECKOJIbKO UHOM (OpMYITHUpPOBKE.

3anaua 1°. B nekomopom Koponescmee 8 pe3yibma-
me HeOnpagoOaHHuIX Mpam 6 20CYO0apCMEEeHHOU Ka3He
ocmanucs, moavko mpu 3o1omle mowemsl. OOna u3 mo-
Hem eecuna 9 e, opyeas — 11 2, 6 mpemovsa — 13 2. Ilo
8HeulHeMy 8UQY 8ce MOHembl ObLIU HEOMAUUUMBL OPY2 OM
opyea. Koponw, oicenas nposepums cnocobHocmu c60e20
NpuUdBOpHO2O Myopeyda, VKA3al CIAVHAUHbIM 00pA30M Ha
KaKylo-mo u3 3mux MOHem U eejejl Myopeyy onpeoerums
ee MOuHblU 6ec NpU NOMOWU OOHO20-EOUHCMBEHHO20
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836eUUBANUA HA YauleuHblx eecax Oe3 eupw. Ilpu smom
Yy 8ec08 00HO niedo Ovlio 8080e ONuHHee Opyeoeo. (B cuy-
yae Heyoauu myopeyy Yepoxicaia KOpPOJIeSCKas HeMu-
aocms.) Kaxum obpazom myopey cnpasuics ¢ 3a0avei?

[IpuBeneM Tenepp elie OJHY 3aaady, YCJIOBUE KOTO-
poii 6:m3K0 K ucxoaHo# GpopmynupoBke M. EBgokumoBa.

3apaua 2. B mexomopom Kopolescmee 6ce cooep-
HCUMOE 20CYO0aPCMBEHHOU KA3HbI NOMeujaniocb 6 CeMu
mewkax. B kasxcoom mewxe 6wi10 posro no 200 oounaxo-
8bIX 30J10MbIX MOHEMN.

B coomsemcmeuu c HomMepamu MeUuKoe MOHeNnbl

BOMUX MEUKAX 8eCUIU
102, 112,132,152, 172, 192, 20 ¢, *)

npuuem no 6HewHemy 8Udy 6ce MOHembl ObLIU HeOMIUYU-
Mbl Opye om Opyeda. 3amem HOMepa HA MewKax OvlLiu
cmepmul, a4 CamMu MewKU — nepecmasiiensvl 8 Cry4auHoM
nopsioke. Koponw, srcenas npogepums cnocoonocmu ceoe-
20 NPUOBOPHO2O Myopeya, VKa3al HaA OOUH U3 MeWKO8 U
genenl Myopeyy onpeoeiums MOUHbIL 8eC COOePHCAUSUXCSL
mam MOHem npu NOMOWU 08YX 636eUUBAHUL HA Yauiey-
HbIX 8ecax Oe3 eupv. Moe nu myopey cnpasumvcs ¢ 3a0a-
yeu?

Pemienue. B oTinune OoT MCXOAHOM MOCTAHOBKH 3a-
naun M. EBnmokumoBa, Beca (*) He oOpa3yrT eIuHOTO
¢parmenTta apupmMeTUIecKoi MPOrpecCui.
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Wtak, KaK ¥ Npyu pelieHny 3a1a4u 1, BO3bMEM 10 Of-
HOM MOHETE U3 Ka)/10I0 MEILIKAa U MOJI0KHUM BCE CEMb MO-

HCT Ha JICBYIO Hally BCCOB.

Hepr,Z[HO nmoacyurTarb, 4TO CYMMapHHﬁ BEC BCEX
OTHUX MOHCT paBCH

10r+11r+13r+15r+17r+19r+20r=105r.
(**)

3areM BO3bMEM U3 UCIIBITYEMOI'O MEUIKa CEMb MOHET

U TIOJIOKMM Ha TpaBylo yamry. B ciydae paBHOBecHs yari
BECOB Cpa3y 3aKJ0YaeM, YTO B HCIBITYEMOM MEIIKE BCE
MOHeTHI BecsaT 15 r. Eciin nepeBemmBaet yeBas yaiia, TO
BEC MOHET M3 HCHBITYEMOro MeIlKa MEHbIIEe 15 I u Tem
caMmbIM MpuHaUIexKUT Hadopy {10 T, 11 r, 13 r}. AHano-
TMYHO, €CJIM NepeBeIIMBaeT MpaBas Yalla, BEC MOHET W3

UCTBITYEMOr0 MeIIKa MpUHaUIeKUT Habopy {17 1, 19T,
20 r}.

Jnst onpeneneHHOCTH pacCMOTPUM TOCHEAHUN CITy-
qai.

YroObl pemmuTh 3a7ady, Tenepb JOCTATOYHO 32 OTHO
OCTaBllIeeCs] B3BEIINBAHHUE Y3HATh, PABEH JIM BEC MOHET U3
ucneiTyeMoro memka 19 r, Gonpime 19 T niam MeHbIe
19r. IMeHHO Temepb HaM MNPUTOAUTCA TOT (PaKT, UTO
B MelIKax HaxoauTcss MHoro MoHet! Heckonbkumu Habo-
pamu Buaa (*) HaM HY’KHO MONBITAThCSl YPAaBHOBECUTH He-
KOTOpO€ KOJMYECTBO MOHET M3 HCIBITYEMOro MEIIKa.

O603HauuM yepe3 n yucio HabopoB BHuzaa (*), KOTOphIe

95



MBI TIOJIOKMM Ha JIEBYIO Yallly BECOB, a Yepe3 m — YHUCJIIO
MOHET U3 UCTIBITYEMOTO MEIIKa, KOTOPhIE MbI MOJI0KHUM Ha
npaByto yanty. Eciiu MOHETBI B UCTIBITYEMOM MEIIKE BECSIT
19 1, To AN paBHOBECHS BECOB, OUYEBUIHO, HEOOXOUMO H

JOCTATOYHO BBIITOJIHCHUEC YN CIIOBOT'O paBeHCTBa
1051 = 19m. (HH%)

Yucna 105 u 19, kak HETpYAHO MPOBEPUTH, — B3aUM-
HO mpocthie. [Io3TOMy HaWMMEHBITUE N U M, YJIOBJIECTBO-
psAIOIIME COOTHOIIEHUIO (***), OKa3bIBalOTCS COOTBET-

CTBEHHO PaBHBIMH
n=19, m=105.

Wtak, monoxuB Ha MpaBylo yamry BecoB 105 MoHer
W3 HCIBITYEMOTO MEIIKa, a Ha JIEBYI0 4amry — 19 moiaHbIX
HabopoB BUAA (*), MBI CMOKEM OKOHYATEJILHO YCTAaHOBHUTD
BEC MOHET B UCIIBITYeMOM Melke. J[eiCTBUTENbHO, eCiH
BECHI OKa)XXyTCsl B PaBHOBECHUH, TO, KaK y»e ObUIO CKa3aHo,
BEC MOHET B UCIIBITYEMOM MeIIKe paBeH 19 r; eciau nepe-
BEIIMBAET JieBas 4alla, TO BEC MOHET B HCIBITYEMOM
MeEIIKe paBeH 17 T; eciau mepeBelrBaeT npasas yaiia, TO
BEC MOHET B UCIIBITYEMOM MelKe paBeH 20 T.

3ameuanue. VcxonHoe pacnpeneneHUe Beca MOHET
1o Memnrkam (*) ObLJI0 CUMMETPUYHBIM, OTHAKO, KaK BUIHO
W3 pelieHus 3aa4u 2, 3TO orpaHu4YeHue ObUIO, HA CaMOM
niene, HeCyleCTBeHHbIM. OmpenenuTh Ha YalleyHbIX Be-
cax 0e3 TMph BeC MOHET B UCIBITYEMOM MEIIKE (OJHOM U3

CeMI/I) BCCraa MOXKHO 3a IBa B3BCHIMBaHUA, €CJIIN BECA MO-
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HET B KaXXA0M U3 CCMHU MCUIKOB — ICJIOYHUCICHHBIC, a4 KO-

JINYCCTBO MOHET B MCIIKaxX JOCTAaTOYHO BCIUKO.

3apnaua 3. B Hekomopom CKA304YHOM KOpOaescmee
gce cooeporcumoe 20Ccy0apCmeeHHOl Ka3Hbl NOMeuanoch
6 cemu mewkax. B kxaxcoom mewike 6vi10 HeocpanuienHoe

KOJIUYECmMB0 0OUHAKOBBIX 30710MbLX MOHEN.

B coomeemcmeuu ¢ Homepamu mewikos MoHemuvl
8 KAd#COOM U3 MEUKO8 8eCUlU HeKOmopoe U38ecmHoe ye-
Jloe HUCIO 2paMMO8, a4 NO GHeuiHeM) BUdy 8ce MOHembl
ObLIU HeomauuuMbl Opye om oOpyea. 3amem HOMepa HA
Mewikax Ovliu cmepmsl, a CAMu MewKu — nepecmaegienvl
8 cyuatiHom nopsaoke. 3a Kakoe HaumMeHbuiee YUcio 83ee-
WUBAHUL HA YaUleYHbIX ecax 6e3 2upb NPUOBOPHbIL MYO-
pey cmModcem 80CCMAHO8UMb Cmepmole HAONUCU HA Mell-
Kax?

Oo6cyxnenne 3amaum 3. Eciiu He mosib30BaTheA 1ie-
JOYMCIICHHOCTBIO BECa MOHET B MEILIKAX, a pelaTh 3a/1a4y
«B J100», TOo mOTpedyeTcss CPaBHUTh MEXIy coO0il Beca
MOHET M3 Ka)KJ0M Iapsl MEIIKOB. Bcero Takux cpaBHEHUM
npunerca nposectu C2 = 7-6/2! = 21. Wcnomnb3oBaHue
UJeH, CBSI3aHHBIX C JIE€JIMMOCTBIO, MO3BOJIIET BOCCTAHO-
BUThH 10 OYEpEaM HAJIUCH Ha YETHIPEX MEIIKaX U3 CEMH,
3aTpaTHB Ha KaXkJI0€ TaKOE BOCCTAHOBJIEHHE 2 B3BEIIMBA-
Hus. Jlanee, eme ogHo (!) B3BeIMBaHUE MO3BOJISIET Y3HATD
BEC MOHET B JIIOOOM M3 OCTaBUIMXCS Tpex MenikoB. Hako-

Hell, emie OAHO (TocieqHee) B3BEIIMBAHUE TO3BOJISIET
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CPaBHHTH (M TEM CaMbIM Y3HaTh!) Beca MOHET U3 JABYX IO-
CIeIHMX MEIIKOB. B pe3ynbrare najs BOCCTaHOBJICHUSA
BCEX HAAIIMCEH Ha MEIIKaxX JOCTATOYHO OKa3bIBAETCS
24 + 1+ 1 =10 B3BemmBanuii. SIBISICTCS JIM PTO YHUCIO

HanMCHLBIUINM, aBTOPY HCU3BCCTHO.

OT1BeTBI

K 3amaue 22: 2(11+5+5) = 3(6+5+3)

K 3agaue 23: 3(1+6) = 12+6+3

K 3anaue 24: 2(4+2+2+1) = 10+8

K 3agaue 25: 7(3+6+9) = 3(7+14+21)

K 3apaue 26: 3(7+[6+8]+21) = 7(3+[2+4]+9)

K 3amaue 27: 2(8/7 + 37/7 + 123/7) = 48; 3(1+6+9) = 48

K 3agaye 28: rupu ¢ yucieHHbIMU 3HaUCHUAMHU Beca 1; 1; 2

K 3agaye 29: rupu ¢ yuCICHHBIMU 3HAUCHUAMH Beca 1; 1; 2
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